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1 Algebraic part 

1.0.1 ToolBasel-Alg 

karl-search= Start ToolBasel-Alg 

LABEL: Section Toolbasel-Alg 

1.0.2 Definition Alg-Base 

karl-search= Start Definition Alg-Base 

Definition 1.1 

(+++ Orig. No.: Definition Alg-Base +++) 

LABEL: Definition Alg-Base 

We use V to denote the power set operator, n{Xj : i e /} := {5 : 5 : / — > : i G G I-g{i) € Xi} is the 

general cartesian product, card{X) shall denote the cardinality of X, and V the set-theoretic universe we work 
in - the class of all sets. Given a set of pairs X, and a set X, we denote by X\X := {< x,i >G X : x £ X}. 
When the context is clear, we will sometime simply write X for X\X. (The intended use is for preferential 
structures, where x will be a point (intention: a classical propositional model), and i an index, permitting 
copies of logically identical points.) 

A C B will denote that A is a subset of B or equal to B, and A c B that A is a proper subset of B, likewise 
for AD B and Ad B. 

Given some fixed set U we work in, and X CU, then C{X) — U — X . 

If 3^ C V{X) for some X, we say that y satisfies 
(n) iff it is closed under finite intersections, 
(Pi) iff it is closed under arbitrary intersections, 
(U) iff it is closed under finite unions, 
(U) iff it is closed under arbitrary unions, 
(C) iff it is closed under complementation, 
(— ) iff it is closed under set difference. 

We will sometimes write ^ = B || C for: A = B, ot A = C, ot A = B U C. 
We make ample and tacit use of the Axiom of Choice. 
karl-search= End Definition Alg-Base 



1.0.3 Definition Rel-Base 

karl-search= Start Definition Rel-Base 

Definition 1.2 

{+++ Orig. No.: Definition Rel-Base +++) 

LABEL: Definition Rel-Base 

~<* will denote the transitive closure of the relation ^ . If a relation <, ^, or similar is given, a_L5 will express 
that a and b are < — (or < —) incomparable - context will tell. Given any relation <, < will stand for < or =, 
conversely, given <, < will stand for <, but not =, similarly for -< etc. 
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karl-search= End Definition Rel-Base 



1.0.4 Definition Tree-Base 

karl-search= Start Definition Tree- Base 

Definition 1.3 

(+++ Orig. No.: Definition Tree-Base +++) 

LABEL: Definition Trcc-Baso 

A cliild (or successor) of an element x in a tree t will be a direct child in t. A child of a child, etc. will be called 
an indirect child. Trees will be supposed to grow downwards, so the root is the top element. 

karl-search= End Definition Tree-Base 



1.0.5 Definition Seq-Base 

l<:arl-searcli= Start Definition Seq-Base 

Definition 1.4 

{+++ Orig. No.: Definition Seq-Base -t-^-l-) 

LABEL: Definition Seq-Base 

A subsequence : i G / C ^ of a sequence (7^ : i G /i is called cofinal, iff for all i G /i there is i' G I i < i' . 

Given two sequences ai and r.^ of the same length, then their Hamming distance is the quantity of i where they 
differ. 

karl-search= End Definition Seq-Base 
karl-search= End ToolBasel-Alg 



1.0.6 Lemma Abs-Rel-Ext 

karl-searcli= Start Lemma Abs-Rel-Ext 

We give a generalized abstract nonsense result, taken from |LMS01| . which must be part of the folklore: 
Lemma 1.1 
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(+++ Orig. No.: Lemma Abs-Rel-Ext +++) 

LABEL: Lemma Abs-Rel-Ext 

Given a set X and a binary relation R on X, there exists a total preorder (i.e. a total, reflexive, transitive 

relation) S on X that extends R such that 

Vx, y S X{xSy, ySx =^ xR*y) 

where R* is the reflexive and transitive closure of R. 
karl-search= End Lemma Abs-Rel-Ext 



1.0.7 Lemma Abs-Rel-Ext Proof 

karl-search= Start Lemma Abs-Rel-Ext Proof 

Proof 

Orig.: Proof ) 

Define x = y iff xR*y and yR*x. The relation = is an equivalence relation. Let [x\ be the equivalence class of x 
under = . Define [x] < [y] iff xR*y. The definition of :< does not depend on the representatives x and y chosen. 
The relation ^ on equivalence classes is a partial order. Let < be any total order on these equivalence classes 
that extends ^ . Define xSy iff [x] < [y]. The relation S is total (since < is total) and transitive (since < is 
transitive) and is therefore a total preorder. It extends R by the definition of ^ and the fact that < extends < . 
Suppose now xSy and ySx. We have [x] < [y] and [y] < [x] and therefore [a;] = [y] by antisymmetry. Therefore 
x = y and xR*y. □ 

karl-search= End Lemma Abs-Rel-Ext Proof 



2 Logical rules 



2.0.8 ToolBasel-Log 

karl-search= Start ToolBasel-Log 



LABEL: Section Toolbasel-Log 



2.1 Logics: Base 
2.1.1 ToolBasel-Log-Base 

karl-search= Start ToolBasel-Log-Base 



LABEL: Section Toolbasel-Log-Base 

2.1.2 Definition Log-Base 

karl-search= Start Definition Log-Base 

Definition 2.1 

(+++ Orig. No.: Definition Log-Base +++) 

LABEL: Definition Log-Base 

We work here in a classical propositional language £, a theory T will be an arbitrary set of formulas. Formulas 
will often be named cf), tp, etc., theories T, S, etc. 

v{jC) will be the set of propositional variables of C. 

Mc will be the set of (classical) models for C, M{T) or Mt is the set of models of T, likewise M((^) for a formula 
^. 

Dc '■— {M{T) : T a theory in £}, the set of definable model sets. 

Note that, in classical propositional logic, 0,M£ G Dc, Dc contains singletons, is closed under arbitrary 
intersections and finite unions. 

An operation f :y ^ V{Mc) for y C V{Mc) is called definability preserving, [dp) or {^,dp) in short, iff for all 
X € Dc^y f{X) G Dc- 

We will also use (^dp) for binary functions f : y y~ y V{Mc) - as needed for theory revision - with the 
obvious meaning. 

h will be classical derivability, and 

T := {(j) : T \- (j)}, the closure of T under h . 

Con{.) will stand for classical consistency, so Con{4>) will mean that (p is clasical consistent, likewise for Con{T). 
Con{T,T') will stand for Con{T U T'), etc. 

Given a consequence relation |~, we define 

(There is no fear of confusion with T, as it just is not useful to close twice under classical logic.) 
T V T' := {0 V (/)' : (/) e T, e T'}. 

liX CMc, then Th{X) := {(j) : X 4>}, likewise for Th{m), m e Mc- (|= will usually be classical validity.) 
karl-search= End Definition Log-Base 
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2.1.3 Fact Log-Base 

karl-search= Start Fact Log-Base 

We recollect and note: 



Fact 2.1 

(+++ Orig. No.: Fact Log-Base +++) 

LABEL: Fact Log-Base 

Let £ be a fixed prepositional language, I?£ C X, /x : X ^ ViMc), for a ^-theory T T := Th{fj,{MT)), let T, 
T' be arbitrary theories, then: 

(1) m(Mt) c m=, 

(2) Mt U Mt' = Mtvt' and Mtut' = Mt n Mt', 

(3) m(^t) = ^ -L e f . 

If /i is definability preserving or h^Mt) is finite, then the following also hold: 

(4) /i(MT) = M=, 

(5) T' h f ^ Mt' C /i(AfT), 

(6) /u(Mt) = Mt' ^ T' = f . □ 

karl-search= End Fact Log-Base 



2.1.4 Fact Th-Union 

karl-search= Start Fact Th-Union 

Fact 2.2 

(+++ Orig. No.: Fact Th-Union +++) 

LABEL: Fact Th-Union 

Let A,B(Z Mc- 

Then Th{A U B) = Th{A) n Th{B). 
karl-search= End Fact Th-Union 



2.1.5 Fact Th-Union Proof 

karl-search= Start Fact Th-Union Proof 

Proof 

(+++*** Orig.: Proof ) 
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(f) G Th{A \J B) ^ A\J B \= (j) ^ A\= (j) BXid B \= (t) ^ (t> & Th{A) and (j) e Th{B). 
□ 



karl-search= End Fact Th-Union Proof 
karl-search= End Log-Base 

2.1.6 Fact Log-Form 

karl-search= Start Fact Log-Form 

Fact 2.3 

(+++ Orig. No.: Fact Log-Form +++) 

LABEL: Fact Log- Form 

Let X C Mc, 0, "0 formulas. 

(1) X n M{(t)) h V iff ^ h ^ V-- 

(2) X n M(0) 1= V' iff M{Th{X)) n M(0) ^ V- 



(3) Th{X n M(0)) = T/?.(X) U {(f)} 

(4) X n M{(j)) =$ M{Th{X)) n M(0) = 



(5) Th{M{T) n M(T')) = T U T'. 
karl-search= End Fact Log-Form 



2.1.7 Fact Log-Form Proof 

karl-search= Start Fact Log-Form Proof 

Proof 

(+++*** Grig.: Proof ) 

(1) " ^ ": X =iXr] M{(l))) U (X n M{-^4>)). in both parts holds V i/-, so X h 'Z' ^ V^- " ^ ": Trivial. 

(2) X n M((/)) h V' (by (1)) iff X h ^ -0 iff M{Th{X)) |= ^ -0 iff (again by (1)) M{Th{X)) n M(0) |= 

(3) V e Th{xr\M{(i})) ^xr\M{(i}) ^ v ^(2) M(r/i(x)u{0}) = M{Th{x))r\M{(p) 4^Th{x)u{(l)} 

(4) X n M((/)) = 4^ X h -0 M{Th{X)) ^ -0 M{Th{X)) n M(0) = 0. 

(5) M(r) n M(r') = m{t u t'). 
□ 



karl-search= End Fact Log-Form Proof 



karl-search= End ToolBasel-Log-Base 

2.2 Logics: Definability 

2.2.1 ToolBasel-Log-Dp 

karl-search= Start ToolBasel-Log-Dp 

LABEL: Section Toolbasel-Log-Dp 

2.2.2 Fact Dp-Base 

karl-search= Start Fact Dp-Base 

Fact 2.4 

(+++ Orig. No.: Fact Dp-Base +++) 

LABEL: Fact Dp-Base 

If X = M(r), then M{Th{X)) = X. 
karl-search= End Fact Dp-Base 



2.2.3 Fact Dp-Base Proof 

karl-search= Start Fact Dp-Base Proof 

Proof 

(+++*** Orig.: Proof) 

X C M{Th{X)) is trivial. Th{M{T)) = T is trivial by classical soundness and completeness. 
M{Th{M{T)) = M(T) = M{T) = X. a 

karl-search= End Fact Dp-Base Proof 



2.2.4 Example Not-Def 



karl-search= Start Example Not-Def 

Example 2.1 

(+++ Orig. No.: Example Not-Def +++) 

LABEL: Example Not-Def 

If v{£) is infinite, and m any model for £, then M := Mc — {m} is not definable by any theory T. (Proof: 
Suppose it were, and let (p hold in M, but not in m, so in m -k/i holds, but as (p is finite, there is a model m' in 
M which coincides on all prepositional variables of (p with m, so in m' ^(j) holds, too, a contradiction.) Thus, 

in the infinite case, V{Mc) 7^ Dc- 

(There is also a simple cardinality argument, which shows that almost no model sets are definable, but it is 
not constructive and thus less instructive than above argument. We give it nonetheless: Let k := card{v{C)). 
Then there arc n many formulas, so 2'^ many theories, and thus 2*^ many definable model sets. But there are 
2" many models, so (2'')'^ many model sets.) 

□ 



karl-search= End Example Not-Def 



2.2.5 Defimtion Def-Clos 

karl-search= Start Definition Def-Clos 

Definition 2.2 

{+++ Orig. No.: Definition Def-Clos +++) 

LABEL: Definition Def-Clos 

Let y C V{Z) be given and closed under arbitrary intersections. 
For A^Z, let ^ := {^{X &y -.A^X). 

Intuitively, Z is the set of all models for £, y is Dc, and A = M(Th{A)), this is the intended application. 
Note that then = 0. 
karl-search= End Definition Def-Clos 



2.2.6 Fact Def-Clos 

karl-search= Start Fact Def-Clos 

Fact 2.5 

(+++ Orig. No.: Fact Def-Clos +++) 

LABEL: Fact Def-Clos 



1 8 



(1) If y C V{Z) is closed under arbitrary intersections and finite unions, Z E y, X,Y C Z, then the following 
hold: 

(ClU) TuY = ^U^y^ 

(Cln) "xTvV C '^^n'^^, but usually not conversely, 
{CI-) C 

{CI ^) X ^ = but not conversely, 
{CI CI) C y ^ X C r, but not conversely, 
{CI C2) X C ^ ^ C ^ . 

(2) If, in addition, X E y and CX := Z — X E y , then the following two properties hold, too: 

{CI n +) ^nx ^ Tinx, 
{CI - +) ^ -X = 7"^ . 

(3) In the intended application, i.e. A = M{Th{A)), the following hold: 

(3.1) Th{X) = ThC^), 

(3.2) Even \i A = '"a^, B = ^B^, it is not necessarily true that C '"a^-^B^. 
karl-search= End Fact Def-Clos 



2.2.7 Fact Def-Clos Proof 

karl-search= Start Fact Def-Clos Proof 

Proof 

(+++*** Orig.: Proof ) 

{CI =), {CI C 1), {CI C 2), (3.1) are trivial. 

(CTU) Let y{U) := {X Ey -.U <ZX}AiAe y{X\JY), then A e y{X) and A e y{Y), soTuTd'^u'^. 
If A e y{X) and B £ y{Y), then A U S e y{XUY), so3c(JY C '^u'^. 

{Cln) Let X', Y' ey, X C X',Y C Y', then X DY C X' DY', so TcVY C '^n'^ . For the converse, set 
X := Mc- {m}, Y :== {to} in Example fpage HI 



{Cl-)Lct A-B C X ey, B CY ey,so AC XUY ey.Let X <^ B ^ 3Y ey{B CY, X (^Y), X A - B 
^3X e y{A - B C X, X ^ X), so X X UY, A C X UY, so X ^ . Thus, x ^ x ^ ^ a; ^ 

orxG A - B ^ X e A - B . 

{Cln+)^ nX DAjlXhy {Cln). For "C": Let AnX C A' e 3^, then by closure under {U),AC A'UCX e y, 

{A' u CX) nx cA'. So^nx c ajix. 

{CI - +) = ArCcx = ^ ncx = ^ -x by {CI n +). 

(3.2) Set A := Mc, B := {to} for to e Mc arbitrary, C infinite. So A = B = but = A 7^ A-S. 



1 n 



□ 

karl-search= End Fact Def-Clos Proof 
2.2.8 Fact Mod-Int 

karl-search= Start Fact Mod-Int 

Fact 2.6 

(+++ Orig. No.: Fact Mod-Int +++) 

LABEL: Fact Mod-Int 

Let X,Y,Z e Mc- 



(1) X c y n Z ^ Th{Y) U Th{Z) C Th{X) 

(2) If X = r n Z and r M(r), Z = M{T'), then Th{Y)UTh{Z) ^ Th{X). 
karl-search= End Fact Mod-Int 



2.2.9 Fact Mod-Int Proof 

karl-search= Start Fact Mod-Int Proof 

Proof 

Orig.: Proof ) 
Let ^ := M{Th{X)). 

(1) X C y n Z ^ ^ C 'yTTz C ^n"^ by F act (p age W) (C^n). So M{Th{X)) C M{Th{Y)) n 
M{Th{Z)) = M{Th(Y) U Th{Z)), so Th{Y) U Th{Z) C Th{X) = r/i(X). 



(2) YnZ = M{T)r\M{T') = M(TUT') = M{TliT') = M(T) n Af(r') = M{T)nM{T') = Y n Z 
Finish as for (1). 

□ 



karl-search= End Fact Mod-Int Proof 



karl-search= End ToolBasel-Log-Dp 



on 



2.3 Logics: Rules 

2.3.1 ToolBasel-Log-Rules 

karl-search= Start ToolBasel-Log-Rules 

LABEL: Section Toolbascl-Log-Rulcs 

2.3.2 Definition Log-Cond 

karl-search= Start Definition Log-Cond 

Definition 2.3 

(+++ Orig. No.: Definition Log-Cond +++) 

LABEL: Definition Log-Cond 

We introduce here formally a list of properties of set functions on the algebraic side, and their corresponding 
logical rules on the other side. 

Recall that T :— {(j> : T \- (j)}, T :— {<j) : T 0}, where h is classical consequence, and |~-^ any other consequence. 

We show, wherever adequate, in parallel the formula version in the left column, the theory version in the middle 
column, and the semantical or algebraic counterpart in the right column. The algebraic counterpart gives 
conditions for a function f : y ^ T^{U), where U is some set, and y C V{U). 

Precise connections between the columns are given in Proposition [2?9l (page [35|) 

When the formula version is not commonly used, we omit it, as we normally work only with the theory version. 

A and B in the right hand side column stand for M(0) for some formula whereas X , Y stand for M{T) for 
some theory T . 



oi 



Basics 


(AND) 

{p /\ ip 


T |~ i/>, T |~ V' ^ 
T l~ ill A ?// 


Closure under 
finite 

1 n t fiv Q r" 1 1 i^n 


(OR) 

(JJ V (JJ UJ 


(OR) 
TnT' CTVT' 


(nOR) 
fix UY)C f{X) U /(Y) 


(wOH) 

l/j, </)' h 1/) => 
(/) V </)' |~ l/i 


(wOR) 
TnT' CTVT' 


(^J.wOR) 

f(X UY)C f(X) U Y 




^Con{T U T') ^ 

TnT' C T V T' 


/(X u y) c /(X) u f(Y) 


(LLE) 
Left Logical Equivalence 


(LLE) 


trivially true 


(Riy) Right Weakening 
1/', 1 1/' — * ip 


(RW) 
T \^ ip,\- ip ^ ip' ^ 

T ^- V' 


upward closure 


^0 J Classical Closure 


T is classically 
closed 


trivially true 


(SC) Supraclassicality 
h 1/1 => 1^ -i/) 


{SC)_ 
T CT 


(/^ Q 

f(X) C X 


(KBF) Reflexivity 
TU{a} 


(CP) 

Consistency Preservation 
</> |~ ± ^ (/> h ± 


(CP) 
T \^±^T\- ± 


4:fV\ (h — V (h 

J^Aj— W=^*A — W 






(/i0/m) 

X ^ f(X) ^ (a 

for finite X 




(PR) 


(tiPR) 

X c y 
f(Y) n~x c /(X) 


rh A rh' C rh [ ] (rh'\ 


T U T' C T" U T' 


/(X)ny c/(xny) 


(CC/T) 
T |~a;TU{a} |~ /? ^ 
T 


(CUT) 
T CT' <ZT ^ 
T' CT 


(^lCUT) 
f(x) c y c X ^ 

/(X) C f(Y) 



00 



Cumulativity 


(CM) Cautious Monotony 


(CM) 


(/iCM) 


</> H V'' =^ 


r C T' C T 


/(X) CY CX ^ 


(h A ih il/ 


T CT' 


f(Y) C ffX") 


or (ResM) Restricted Monotony 
T |~ a, /3 T U {a} |~ /3 




{liResM) 
f{X) C A n B ^ f{X r\A)CB 


{CUM) Cumulativity 


(CUM) 


(^lCUM) 


|~ V =^ 


T CT' CT ^ 


f(X) CYCX^ 


((/) h V' </> A |~ V') 


T = T' 


f(Y) = fix) 




J^2) _ 


(mCD) 




T C T'.T' C T =S> 


f{X)CY,fiY)CX ^ 




~ = T 


fix) = f(Y) 


lla.lioiialii\' 


(RatM) Rational Monotony 


(_RatAf) 


(fiRatM) 




Cori(TuT^), ThT' ^ 


X CY,Xn f(Y) 7^ 


p /\ (,..'' j~ t' 


T ZjT'yjT 


/(A) c /(r)nA- 




( Rni A/f — ^ 


III —\ 




Con(TuW), ThT' ^ 


X CY,Xn f{Y) 7^ =^ 




T = T'UT 


f{x) = f(Y)nx 




{Log =') 


(p =') 




Con{T' U T) => 


f{Y)nx^<li^ 




T U T' = T' U T 


f{Y n X) = /(Y) n X 




{Log II) 


(/^ II) 




T V T' is one of 


/(X U Y) is one of 




f , or or f n F (by (CCL)) 


/(X), /(Y) or /(X) U /(Y) 




_ (L03U) _ 


(/iU) 




Con(^VjT), -^Con(j'\JT) => 


/(Y) n (X - /(X)) 7^ ^ 




-.Con(T V T' U T') 


/(X U Y) n Y = 




_ (LogU') _ 


(MU') 




Con(T^UT), -^Con(^\JT) 


/(Y) n (X - /(X)) 7^ => 




T V T' = T 


fix U Y) = /(X) 






(m e) 

a G X - /(X) ^ 
36GX.a^/({a,b}) 



(Pi?) is also called infinite conditionalization - we choose the name for its central role for preferential structures 
{PR) or {fiPR). 

The system of rules (AND) (OR) (LLE) (RW) (SC) (CP) (CM) (CUM) is also called system P (for prefer- 
ential), adding (RatM) gives the system R (for rationality or rankcdncss). 

Roughly: Smooth preferential structures generate logics satisfying system P, ranked structures logics satisfying 
system R. 

A logic satisfying (REF), (ResM), and (CUT) is called a consequence relation. 
{LLE) and{CCL) will hold automatically, whenever we work with model sets. 

{AND) is obviously closely related to filters, and corresponds to closure under finite intersections. {RW) 
corresponds to upward closure of filters. 

More precisely, validity of both depend on the definition, and the direction we consider. 

Given / and (/x C), f{X) C X generates a pricipal filter: {X' C X : f{X) C X'}, with the definition: If 
X = M{T), then T iff f{X) C M(.?i). Validity of {AND) and {RW) are then trivial. 

Conversely, we can define for X = M (T) 

X :^ {X' C X : 3</)(X' = X (1 M{<j)) and T |- <j))}. 

{AND) then makes X closed under finite intersections, {RW) makes X upward closed. This is in the infinite 
case usually not yet a filter, as not all subsets of X need to be definable this way. In this case, we complete X 
by adding all X" such that there is X' C X" CX,X' G X. 

Alternatively, we can define 

X :={X' CX : f]{X D M(0) :T \^(j)}C X'}. 



(SC) corresponds to the choice of a subset. 

(CP) is somewhat deUcate, as it presupposes that the chosen model set is non-empty. This might fail in the 
presence of ever better choices, without ideal ones; the problem is addressed by the limit versions. 

(Pi?) is an infinitary version of one half of the deduction theorem: Let T stand for cj), T' for t/;, and (j) hip \^ o^^ 
so (p ^ V' ~* ""i but {ip ^ cr) A \^ a . 

(CUM) (whose more interesting half in our context is {CM)) may best be seen as normal use of lemmas: We 
have worked hard and found some lemmas. Now we can take a rest, and come back again with our new lemmas. 
Adding them to the axioms will neither add new theorems, nor prevent old ones to hold. 

karl-search= End Definition Log-Cond 



2.3.3 Definition Log-Cond-Ref-Size 

karl-search= Start Definition Log-Cond-Ref-Size 

LABEL: Definition Log-Cond-Rcf-Size 

The numbers refer to Proposition 12.91 (page [35)1 . 



OA 



Logical rule | Correspondence | Model set | Correspondence | Size | Size-Rule 


Basics 


{SC) Supraclassicality 

\- tp ^ (p ip 

{HEF) Hetlexivity 
T U {a} a 


(SC) 
T C T 


(4.1) 
<^ (4.2) 


(mC) 

f(X) C X 






(Opt) 


{LLE) 
Left Logical Equivalence 


(LLE) 
T = T' ^ — 'j^/ 












{RW) Right Weakening 

(j) \^ ij) ip — >■ ip' ^ 
(p \^ tp' 


T ^> 1- »/> ^ »/>' ^ 
T V' 








+ 


(iM) 


{wOR) 
(p tp, (p' \- ip ^ 
(p V (p' \^ tp 


(wOR) 
T n T' C T V T' 


=> (3.1) 
<^ (3.2) 


(/iwOK) 

/(xur)c/(x)uy 




+ 


(eMI) 


(disjOR) 
(p 1 1^', (p ip, 

(p' ip ^ (p\j (p' \^ ip 


(disjOi?) 
-.Con(T U T') ^ 

T n T' C T V T' 


^ (2.1) 
<!= (2.2) 


(lJ.disjOR) 
X n F = =s. 

/(XUY) C /(X)U/(F) 




~ 


(I U disj) 


(rp\ 

u i- ± ^ c.> 1 ± 


1 |~ ± — . 7' 1 ± 


^ 11 

^ (r,.21 


f(X) - A - 




1 * S 










( iil/i I'in \ 

yf-iv>j ifi) 
X # ^ f(X) ^ 
for finite X 




1 ^ s 






(AN Di) 
a \^ P ^ a —r0 








2 ^ s 


do) 




(AND„) 
a |~ /3i, . . . , a \~-' l3n-i ^ 
a It^ (^/3i V... V^/3„_i) 








n s 


{In) 


{AND) 
<p tp , <p \^ ip ^ 


(AAfD) 
T (~ T -0' 








CJ * s 




{CCD Classical Closure 


_ (CCD 

I classically' closed 










(iM) ^ (D) 


{OR) 

(j> \^ tp^ (p' ^ ^ ^ 


(OR) 
TOT' CTVT' 


^ (1.1) 
^ (1.2) 


(tJ.OR) 
f(XUY) C f(X)Uf(Y) 




(jj * s 


(eMI) + (/„) 




(PR) 


^. ((),!) 


(UPR) 

X CY ^ 
f(Y) nx C f(X) 




CJ * s 


(eMX) + (7„) 


4>A<p' c 4>u{4>'} 


TUT' C TUT' 


<^ (Hdp) + (p C) (6.2) 
without (/Jf/p) (6.-3) 

■^^(/' '^1 ((i.l) 
a loriiiula 


(6.5) 
T a formula 


(f,PR ) 

f(x)nY Q f(x nY) 


(CUT) 
T a;TU {a} /3 =!> 
T 


(CUT) 
T CW CT ^ 
W GT 


^ (7.1) 
<^ (7.2) 


(ixCUT) 
f{X) CYCX^ 
S(X) C f(Y) 




OJ * s 


(eMI) + (/„) 



Logical rule | Correspondence | Model set | Correspondence | Size | Size-Rule 


Cumulativity 


(wCM) 
a |~ /3, ct h /3' =^ Q A /3' |~ ,3 












(eM:F) 


(CM2) 

a |~ /3, a /3' a A /3 t/ ^;3' 










2 * s 




(CM„) 
a ^ /3i , . . . , a 0n => 
a A /3i A ... A /3„_i t/ -./3„ 










n * s 


(^n) 


(CM) Cautious Monotony 

(j) /\ ip 


(CM) 
T C C T ^ 
T C 7^ 


^ (8.1) 

J— (Q 0\ 


(;liCM) 

/(F) C f(X) 






(/^) 


or {ResM) Restricted Monotony 
T a,/3 ^ TU {a} |~ 


^ (9.1) 
^ (5.2) 


f(x) c A n B f(x n A) c B 


{CUM) Cumulativity 


(C!7M) 
T C W C T 


^ (11.1) 

^ (11.2) 


(/xCC/M) 
/(^) C Y C X ^ 
/(F) = /(X) 










(CD) 
T GT' ,T' C T 
T^= r 


^ (10.1) 
<!= (10.2) 


(A' CD) 
f(X) C F,/(y) C Jf ^ 
S(X) = /(Y) 








Rationality 


{RatM) Rational Monotony 


(flatM) 
Con(TUT'), T h T' 
T D U T 


^ (12.1) 
<!= (/idp) (12.2) 

^ without (judp) (12.3) 
<^ T a formula (12.4) 


(/tiiotM) 
X C Y, X n /(Y) 74 ^ 

/(x)c/(Y)nx 










(RatM -) 
T = T'UT 


^ (13.1) 
(Mdp) (13.2) 

without (/jdp) (13.3) 
<;= T a formula (13.4) 


(m =) 
X <ZY,x n f{Y) 

f{x) = i(Y)nx 










(Log =') 
ConiT' U T) 
T U T' = T' U T 


^ (14.1) 

^ (Mp) (14.2) 

5it without (/jdp) (14.3) 
<^ 7' a formula (14.4) 


(M =') 
/(Y)nx/0^ 

/(Ynx) = /(Y) 










(ios II) 
T V T' is one of 
T, or 7^, or T n 7^ (by (CCL)) 


(15.1) 
(15.2) 


(M II) 

/(X U Y) is one of 
f {X), f(Y) or /(X)U/(Y) 










(LoffU) 

Con(WuT), ^ConCruT) =^ 
^Con(TVT' UT') 


(m C) + =) (16.1) 
^ ifidp) (16.2) 
)!t without iiidp) (16.3) 


(A'U) 

/(Y) n (X ~ /(X)) # ^ 

/(X U Y) n Y = 










(LogW) 

Con{T^UT), ^Con{T^UT) => 
TVT' = T 


^ (mC) + (p =) (17.1) 

^ (Mp) (17.2) 
•Jit without ifidp) (17.3) 


(mu') 

/(Y) n (X - /(X)) 5^ ^ 

/(XUY) = /(X) 














(MS) 
aeX-/(X) => 
35eX.a^/({a,6}) 









2.3.4 Definition Log-Cond-Ref 

karl-search= Start Definition Log-Cond-Ref 

LABEL: Definition Log-Cond-Ref 



The numbers refer to Proposition 12.91 (page [55)1 . 



Basics 


(AND) 


T |~ V>, T |~ V>' ^ 
T |~ V A i/;' 




Closure under 
finite 
intersection 


(OR) 

4> ~ Vi <t>' h => 
<f>y <f>' |~ -0 


(Oi?) 
T n T' C T V T' 


^ (1.1) 
4= (1.2) 


itMOR) 
f(XUY)Cf(X)Uf(Y) 


{wOR) 
~ i/i, h i/; => 


(«)OiJ) 
T n T' C T V T' 


^ (3.1) 
<= (3.2) 


(nwOR) 
f(XUY)Cf(X)UY 




-.Con{T U T') =;> 
T n T' C T V T' 


^ (2.1) 
<= (2.2) 


(fidisjOR) 

xnY = <l) 

f(XUY)Cf(X)Uf(Y) 


Left Logical Equivalence 
\- (p ^ <j)' , (f> \--^ip ^ 


(LLE) 
^ ^/ ^/ 




trivially true 


{RW) Right Weakening 
</) |~ l/i, h l/) ^ V' =^ 


T |~ -0: 1" V" ^ V'' =^ 

T h-iA' 




upward closure 


{CCL) Classical Closure 


(CCL) 
T is classically 
closed 




trivially true 


(SC) Supraclassicality 

h l/i 1^ 01 
{REF) Reffexivity 
T U {o} |~ a 


(SC) 
T CT 


^ (4.1) 
<= (4.2) 


f(X) C X 


(CP) 

Consistency Preservation 
h -L 1- -L 


(CP) 

T \r^±^T\- ± 


^ (5.1) 
^ (5.2) 


(m0) 

f(X) = ^ X = 








(Min) 
X^%^ f(X) + 
for finite X 




(PR) 


^ (6.1) 


(i,PR) 

X c y => 
/(y)nxc/(x) 


0A0' C 0U{0'} 


TUT' CTUT' 


(Mrfp) + (^i C) (6.2) 
^ without (fJ.dp) (6.3) 
^ C) (6.4) 
T' a formula 


<^ (6.5) 
T' a formula 


(ixPR!) 

f(x) nYCfixnY) 


(CUT) 
T l~ a; T U {a} |~ /3 ^ 
T h/3 


(CUT) 
T CW QT ^ 
jy CT 


^ (7.1) 
^ (7.2) 


(nCUT) 

f(X) c y c X ^ 
f(X) c /(y) 



0'7 



Cumulativity 


(CM) Cautious Monotony 


(CM) 


^ (8.1) 


((UCM) 


</> H V'' =^ 


r C T' C T 


^ (8.2) 


/(X) c r c X 


(p /\ ip 1 <f' 


T C T' 






or (ResM) Restricted Monotony 




^ (9.1) 


(pResM) 


T |~ a, /3 T U {a} |~ /3 




(9.2) 


f(X) CAnB^ f{X nA)CB 


{CUM) Cumulativity 


(CUM) 


^ (11.1) 


{nCUM) 


|~ V =^ 


T CT' CT ^ 


^ (11.2) 


f{X) CYCX^ 


((/) h V' </> A |~ V') 


T = T' 




f{Y) = fix) 






^ (10.1) 


(mCD) 




T C T'.'i" C I' =^ 


^ (10.2) 


f{X)CY,f{Y)CX ^ 




~ = T 




fix) = f(Y) 




Hali(.)iia.li 






(RatM) Rational Monotony 


(_RatAf) 


=^ (12.1) 


(pRatM) 




Con(TUT^), ThT' ^ 


<= (fidp) (12.2) 


X c y,xn/(y) 


A V'' |~ 


TDT'UT 


/= wiLliuuL (jidp) (12.:-)) 


f(x) c f(Y) n X 






<^ T a formula (12.4) 






{RatM =) 


^ (13.1) 


(A' =) 




Con(ruT^), ThT' =^ 


<^ (/idp) (13.2) 


X cy,xn/(y) 7^0^ 




T = T'UT 


^ without (//dp) (13.3) 


/(X) = /(y) n X 






<^ T a formula (13.4) 






(Log =') 


^ (14.1) 


(m =') 




Con(r' u r) => 


^ (fidp) (14.2) 


/(Y)nx ^0 ^ 




TUT' = T' UT 


wiLliouL (/Ki/j) (li.3) 


/(y n X) = /(y) n x 






<= T a, formula (14.4) 






(Log II) 


^ (15.1) 


(m II) 




T V T' is one of 


<^ (15.2) 


/(X U y) is one of 




T, or f^, or Tnf^ (by (CCL)) 




/(X), /(y)or/(x)u/(y) 




(LogU) 


^ (/« C) + (/t =) (16.1) 


(mu) 




Con(ruT), ^Con{TUT) ^ 


■4= (tidp) (16.2) 


/(y) n (X - /(X)) 7^ ^ 




-•Cnr)(T V T' LJ T'~l 


without ( ndn) (^6 /i) 


/■("x LJ y~i n y — 




(LogU') 


+ {u. =) (17.1) 


(/.U') 




Con(T^UT). ^Con(T^uT) 


^ (pdp) (17.2) 


/(y) n (X - /(X)) ^ ^ 




TVT' = T 


^ without (/idp) (17.3) 


/(xuy) = /(x) 








a e X - /(X) ^ 
36 e X.a /({o, &}) 



karl-search= End Definition Log-Cond-Ref 



2.3.5 Fact Mu-Base 

karl-search= Start Fact Mu-Base 

Fact 2.7 

(+++ Orig. No.: Fact Mu-Base +++) 

LABEL: Fact Mu-Base 

Tlie following table is to be read as follows: If the left hand side holds for some function f : y ^ 'PiU), and 
the auxiliary properties noted in the middle also hold for / or y, then the right hand side will hold, too - and 
conversely. 



08 



Basics 


(1.1) 


inPR) 


^ (n) + (At c) 


inPR') 


(1.2) 








(2.1) 


inPR) 


(p c) 


inOR) 


(2.2) 




^(/^c) + (-) 




(2.3) 




^ (/^ Q 


{p.wOR) 


(2.4) 




^ (/^ c) + (-) 




(3) 


ifiPR) 




inCUT) 


(4) 


(/iC) + (^iCD) + (/iC[/Af) + 




il^PR) 




(liRatM) + (n) 






Cumulativity 


(5.1) 


inCM) 


=> (n) + (a. c) 


{p,ResM) 


(5.2) 




<;= (infin.) 




(6) 


inCM) + inCUT) 




inCUM) 


(7) 


(m Q + (m ^D) 




inCUM) 


(8) 


in c) + [nCUM) + (n) 




(pCD) 


(9) 


(m C) + {^iCUM) 




(mCD) 


Rationality 


(10) 


(fiRatM) + ifiPR) 




(m =) 


(11) 


(m =) 




(MPi?), 


(12.1) 


(M=) 


^ (n) + (/X c) 


(M='), 


(12.2) 








(13) 


(mQ, (p =) 


^ (u) 


(A'U), 


(14) 


(mC), (^0), (^=) 


^(u) 


(m II), (pU'), ii^CUM), 


(15) 


(mc) + (mI!) 


^ (-) of :v 


(m =), 


(16) 


(p II) + (m e) + (m^'^)+ 


=> (U) + 3^ contains singletons 


(p =), 




(A'C) 






(17) 


{pCUM) + (^ =) 


^ (U) + 3^ contains singletons 


(/" G), 


(18) 


(//cr/Af) + (//. =) + (// c) 


^ (U) 


(/' II). 


(19) 


{iiPB:)^U,ri:M) + [p j) 


^ sufficient, e.g. true in Dc 


(/' =)■ 


(20) 


(m c) + iiiPR) + (p =) 




(Mil), 


(21) 


in C) + (pPJ?) + (/X II) 


7^ (without (-)) 


(a* =) 


(22) 


(/i C) + (/xPT?) + (/X ||) + 




(/i G) 




(m =) + (mU) 




(thus not represent ability 








by ranked structures) 



karl-search= End Fact Mu-Base 



2.3.6 Fact Mu-Base Proof 

karl-search= Start Fact Mu-Base Proof 

Proof 

(+++*** Orig.: Proof ) 
All sets are to be in y. 

(1.1) (pPR) + (n) + {pc)^ (pPR') ■■ 

By X n y C X and (pPR), f{X) DXnY C f{X D Y). By {p C) f{X) DY = f{X) nXnY. 

(1.2) iiiPR') =^ ilxPR) ■■ 

Let X C y, so X = X n F, so by {ptPR') f{Y) nX C f{X nY) = f{X). 
(2.1) iiiPR) + (m C) ^ inOR) : 

/(X u y) c X u y by {n c), so f{x u y) = (/(x u y) n x) u (/(x u y) n y) c /(x) u /(y). 



on 



(2.2) (MOi?) + (a^ C) + (-) ^ ii^PR) : 

Let X c y, X' := y - X. /(r) c f{x) u /(X') by {^lOR), so /(F) n X c (/(x) n u (/(x') n x) =(^c) 

/(X)U0 = /(X). 

(2.3) (AiPi?) + (m ^) ^ {^JiwOR) : 
Trivial by (2.1). 

(2.4) {^iwOR) + (Ai C) + (-) ^ {^iPR) : 

Let X C r, X' := r-X. f{Y) C /(X)UX' by {p.wOR), so /(y)nX C (/(X)nX)U(X'nX) =(^c) /(^)U0 

(3) (AiPi?) ifiCUT) ; 

/(X) c y c X ^ f{x) c /(X) n r c /(y) by {^iPR). 

(4) (a* C) + {n CD) + ifiCUM) + ifiRatM) + (n) 7^ (fiPR) : 
This is shown in Example 12.31 (page [32)1 . 

(5.1) ifiCM) + (n) + {fiC) ^ (fiResM) : 

Let /(X) C A n B, so /(X) C A, so by {n C) /(X) C A n X C X, so by (/iCM) /(A n X) C /(X) C B. 

(5.2) (fiResM) {(iCM) : 

We consider here the infinitary version, where all sets can be model sets of infinite theories. Let f{X) C y C X, 
so f{X) C y n f{X), so by {^iResM) f{Y) = f{x nY) C f(X). 

(6) inCM) + i^CUT) <^ (fxCUM) : 
Trivial. 

(7) (a* C) + (Ai CD) ^ (nCUM) : 

Suppose /(i?) C £; C i^. So by (a* C) /(i;) C £; C i^, so by i^l CD) /(i^) = f{E). 

(8) (Ai C) + {fiCUM) + (n) ^ (a* CD) : 

Let f{D) C E, f{E) C £), so by {fi C) /(D) C DnE C D, f{E) C D n E C E. As f{D n E) is defined, so 
f{D) = f{D nE) = f{E) by ifxCUM). 

(9) (a* C) + {f,CUM) ^ ifi CD) : 

This is shown in Example 12.21 (page [5^ . 

(10) {(iRatM) + (fiPR) =^ (a* =) : 
Trivial. 

(11) (Ai =) entails (A^Pi?) : 
Trivial. 

(12.1) (a. =)-(a. ='): 

Let /(y) n X ^ 0, we have to show f{X nY) ^ f{Y) n X. By (aj C) f{Y) C Y, so f{Y) nX ^ f{Y) n{XnY), 

so by =) /(y) n X = f{Y) n (X n y) = /(x n y). 

(12.2) (a. =') - (a. =) : 

Let X c y, /(y) n X 7^ 0, then /(X) = f{Y n X) = f{Y) n X. 
(13) (Ai C), (^ =) ^ (/iU) : 

If not, ,f{x u y) n y 7^ 0, but /(y) n{x - f{x)) ^ 0. By (ii), ijiPR) holds, so /(X u y) n X c /(x), 
so ^ f{Y) n{x- f{x)) c f{Y) n{x- f{x u y)), so /(y) - /(x u y) 7^ 0, so by {^l c) /(y) c y and 

/(y) 7^ f{X U y) n y. But by (a* =) /(y) = f{X U y) n y, a contradiction. 
(14) 

(a. C), (^0), (^ =) ^ (;, II) : 

If X or y or both are empty, then this is trivial. Assume then X U y 7^ 0, so by (At0) f{X U y) 7^ 0. By 
(a^ C) f{X U y) C X U y, so f{X U y) n X = and f{X U y) n y = together are impossible. Case 1, 

f{x u y) n X 7^ and f{x u y) n y 7^ : By (Ai =) f{x u y) n X = f{x) and f{x u y) n y = /(y). 



so by C) f{X U y) = f{X) U f{Y). Case 2, /(X U F) n X ^ and /(X U F) n F = : So by (/^ =) 
f{X UY) = f{X UY)nX ^ f{X). Case 3, f{X U F) n X = and /(X UY)r\Y ^9: Symmetrical. 

i^i C), (^0), =) ^ (^U') : 

Let f{Y) n{X - f{X)) ^ 0. If X U y = 0, then f{X U F) = /(X) = by (^i C). So suppose X\JY 

By (13), f{X U y) n r = 0, so /(X U r) C X by (^i C). By (/x0), /(X U Y) ^ 0, so f{X U F) n X 7^ 0, and 

/(Xur) = /(X)by (Ai =). 

{^l C), (/i0), =) ^ (^CC/M) : 

Let /(F) C X C y. If r 0, this is trivial by (/i C). If y 7^ 0, then by (/x0) - which is crucial here - f{Y) ^ 0, 

so by /(y) c X /(y) n X ^ 0, so by =) /(y) = /(y) n x = /(x). 

(15) {pQ) + {p\\)^{ii =): 

Let X C y, X n /(y) ^ 0, and consider y = X U (y-X). Then f{Y) = f{X) \\ J{Y~X). As f{Y) n X ^ 0, 
/(y) = /(y— X) is impossible. Otherwise, f{X) = f{Y) n X, and we are done. 

(16) (Ai II) + (/^ G) + (MPi?) + C) ^ (Ai =) : 

Suppose X CY, X e f(Y) n X, we have to show f{Y) nX = f{X). " C " is trivial by {(iPR). " D ": Assume 
a ^ /(y) (by (m C)), but a e /(X). By {^l e) 36 e Y.a ^ /({a, 6}). As a G /(X), by (/.Pi?), a £ /({a,a;}). 
By (/. II), /({a,6,x}) = /({a,x}) || /({6}). As a ^ /({a,6,a;}), /({a,6,a;}) = /({6}), so x ^ /({a, 6, a:}), 
contradicting [jiPK), as a, 6, a; £ y. 

(17) (mC[/M) + (/i =) ^ (a* e) : 

Let a e X - /(X). If /(a:) = 0, then /({a}) = by {[iCUM). If not: Let 6 G /(A), then a ^ /({a, 5}) by 
(a* =)• 

(18) (mCC/M) + (/i =) + (m C) ^ (/* II) : 

By (liCUM), /(Auy) C A C Auy ^ /(A) = /(Auy), and /(XLlY) CYC XUY f{Y) = f{X\JY). Thus, 
if (/Lt II) were to fail, /(Auy) ^ A, /(Auy) g y, but then by (/i C) /(Auy)nA 7^ 0, so /(A) = /(Auy)nX, 

and /(X u y) n y 7^ 0, so /(y) = /(x u y) n y by (/. =). Thus, f {x u y) = (/(A u y) n A) u (/(a u y) n y) 
= /(A)u/(y). 

(19) (MPi?) + {p^CUM) + (/, II) -.(/,=) : 

Suppose (/i =) does not hold. So, by {uPR), there are A,y,y s.t. A C y, A n f(Y) ^ 9, y e Y ~ f{Y), 
y G /(A). Let a G A n/(y). If f{Y) = {a}, then by {p.CUM) f{Y) = /(A), so there must be 6 G f{Y), h ^ a. 
Take now Y' , Y" s.t. y = y' U Y" , a^Y',a(^ Y" , h G Y" , h ^Y',y ^Y' f\ Y" . Assume now {n ||) to hold, 
we show a contradiction. If y ^ f{Y"), then by (/iPi?) y ^ /(y" U {a}). But /(y" U {a}) = f{Y") \\ f{{a,y}), 
so f{Y" U {a}) = /(y"), contradicting a G /(y). If y G f{Y"), then by /(y) = f{Y') \\ f{Y"), f(Y) = f{Y'), 
contradiction as b ^ f{Y')- 

(20) ifi C) + ifiPR) + ifi =) ^ ifi II) : 
See Example [m (page [Ml) . 

(21) ifi C) + ifiPR) + if, II) ^ (/.=) : 
See Example 12.51 (page [33]) . 

(22) ifi C) + (/iPi?) + (/i II) + (/*=) + (a^U) ^ (/i G) : 
See Example [2H (page [Ml) • 

Thus, by Fact 14.41 (page [77)) , the conditions do not assure representability by ranked structures. 
□ 



karl-search= End Fact Mu-Base Proof 
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2.3.7 Example Mu-Cum-Cd 

karl-search= Start Example Mu-Cum-Cd 



Example 2.2 

(+++ Orig. No.: Example Mu-Cum-Cd +++) 

LABEL: Example Mu-Cum-Cd 

We show here (^f C) + (fiCUM) 7^ (a* CD). 

Consider X := {a, b, c}, Y {a, b, d}, f{X) {a}, f{Y) := {a, b}, y {X, ¥}. (If /({a, b}) were defined, we 
would have f{X) = /({a, 6}) = f{Y), contradiction.) 

Obviously, C) and {fj,CUM) hold, but not (Ai CD). 

□ 



karl-search= End Example Mu-Cum-Cd 



2.3.8 Example Need-Pr 

karl-search= Start Example Need-Pr 

Example 2.3 

(+++ Orig. No.: Example Need-Pr +++) 

LABEL: Example Need-Pr 

We show here {n C) + (fi CD) -f {^jlCUM) + (uRatM) + (n) ^ {fiPR). 

Let U := {a,6,c}. Let y = P{U). So (n) is trivially satisfied. Set f{X) := X for all X C U except for 
/({a, b}) — {b}. Obviously, this cannot be represented by a preferential structure and {fiPR) is false for U and 
{a, b}. But it satisfies {fi C), (iiCUM), {fiRatM). {fi C) is trivial. (iiCUM) : Let f{X) CY CX.U f{X) = X, 
we are done. Consider /({a, b}) = {b}. If {&} C F C {a, 6}, then /(F) = {&}, so we are done again. It is shown 
in Fact [27] (page Ell) , (8) that {fj, CD) follows. (fiRatM) : Suppose X C Y, X D f{Y) ^ 0, we have to show 
f{X) C f(Y) n X. If f (Y) = y, the result holds hy X C Y, so it does if X = F. The only remaining case is 
F = {a, 6}, X = {6}, and the result holds again. 

□ 



karl-search= End Example Need-Pr 



2.3.9 Example Mu-Barbar 

karl-searcli= Start Example Mu-Barbar 

Example 2.4 



(+++ Orig. No.: Example Mu-Barbar +++) 



LABEL: Example Mu-Barbar 

The example shows that (/U C) + {/iPR) + {/j. =) ^ {fj, \\). 

Consider the following structure without transitivity: U := {a, 6, c, d}, c and d have uj many copies in descending 
order ci ^ C2 . . . ., etc. a,b have one single copy each, a y b, a ^ di, b ^ a, b ^ ci. {ji \\) does not hold: 
fiJJ) = 0, but /({a, c}) = {a}, f{{b,d}) = {b}. {^iPR) holds as in all preferential structures, {n =) holds: If 
it were to fail, then for some A C B, f{B) n ^ 7^ 0, so f{B) ^ 0. But the only possible cases for B are now: 
{a€ B,b,d^ B) or {be B,a,c^ B). Thus, B can be {a}, {a,c}, {6}, {b,d} with f{B) = {a}, {a}, {6}, {&}. 
li A = B, then the result will hold trivially. Moreover, A has to be ^ 0. So the remaining cases of B where it 
might fail are B = {a, c} and {b, rf}, and by f(B) n A 7^ 0, the only cases of A where it might fail, are A = {a} 
or {&} respectively. So the only cases remaining are: B = {a, c}, A = {a) and B = {&, d}, A = {b}. In the first 
case, f{A) = f{B) = {a}, in the second f{A) = f{B) = {b}, but (/x =) holds in both. 

□ 



karl-search= End Example Mu-Barbar 



2.3.10 Example Mu-Equal 

karl-search= Start Example Mu-Equal 

Example 2.5 

(+++ Orig. No.: Example Mu-Equal +++) 

LABEL: Example Mu-Equal 

The example shows that (/x C) + {jiPR) + {fx ||) ^ {ji =). 

Work in the set of theory definable model sets of an infinite propositional language. Note that this is not closed 
under set difference, and closure properties will play a crucial role in the argumentation. Let U := {y, a, Xi^^^j}, 
where Xi ^ a in the standard topology. For the order, arrange s.t. y is minimized by any set iff this set contains 
a cofinal subsequence of the Xi, this can be done by the standard construction. Moreover, let the Xi all kill 
themselves, i.e. with u; many copies x] h xf >z .... There are no other elements in the relation. Note that if 
a ^ l-i-{X), then a ^ and X cannot contain a cofinal subsequence of the Xi^ as X is closed in the standard 
topology. (A short argument: suppose X contains such a subsequence, but a ^ X. Then the theory of a Th{a) 
is inconsistent with Th{X), so already a finite subset of Th{a) is inconsistent with Th{X), but such a finite 
subset will finally hold in a cofinal sequence converging to a.) Likewise, if y € n{X), then X cannot contain a 
cofinal subsequence of the Xi. 

Obviously, (/x C) and {^PR) hold, but (/x =) does not hold: Set B := U, A := {a,y}. Then /x(-B) = {a}, 
n{A) = {a,y}, contradicting (/i =). 

It remains to show that (/U ||) holds. 

fj,{X) can only be 0, {a}, {y}, {a,y}. As iJ,{A U B) C U by (fiPR), 
Case 1, iJ,{A U B) = {a, y} is settled. 

Note that ii y € X — fi{X), then X will contain a cofinal subsequence, and thus a G jJ-^X). 

Case 2: ^i{A\J B) = {a}. 

Case 2.1: ^{A) — {a} - we are done. 

Case 2.2: ijl{A) = {y} : A does not contain a, nor a cofinal subsequence. If Ijl{B) = 0, then a ^ B, so a ^ AuB, 
a contradiction. If /u(-B) = {a}, we are done. If y € then y e B, but B does not contain a cofinal 



subsequence, so A\J B does not either, so y G n{A U B), contradiction. 

Case 2.3: fi{A) — (/} : A cannot contain a cofinal subsequence. If fi{B) = {a}, we are done, a e n(B) does have 
to hold, so ^i{B) = {a, y} is the only remaining possibility. But then B does not contain a cofinal subsequence, 
and neither does Au B, so y € iJ,{A U B), contradiction. 

Case 2.4: n{A) = {a, y} : A does not contain a cofinal subsequence. If fJ.{B) — {a}, we are done. If /x(-B) = 0, 
B docs not contain a cofinal subsequence (as a, ^ B), so neither does AU B, so y € fi{A U B), contradiction. If 
y G m(-B), B does not contain a cofinal subsequence, and we are done again. 

Case 3: ^{A U B) = {y} : To obtain a contradiction, we need a S l^{A) or a € ^J^{B). But in both cases 
a e fi{A U B). 

Case 4: fi{A U = : Thus, AU B contains no cofinal subsequence. If, e.g. y e then y e U -B), if 

a e then a e /^(^ U B), so iJ,{A) = 0. 

□ 



karl-search= End Example Mu-Equal 



2.3.11 Example Mu-Epsilon 

karl-search= Start Example Mu-Epsilon 

Example 2.6 

(+++ Orig. No.: Example Mu-Epsilon +-1—1-) 

LABEL: Example Mu-Epsilon 

The example show that {/j. C) + {iiPR) + {n\\) + {ix=) + (/xU) ^ {jJ. e). 
Let U := {y, 

2^i<a)}) Xi a sequence, each Xi kills itself, xj ^ a;? ^ . . . and y is killed by all cofinal subsequences 
of the X,. Then for any X C f7 n{X) = or fi{X) = {y}. 

(/i C) and (pPR) hold obviously. 

{fx\\) -.Let AUB be given. Uy ^X, then for all F C X n{Y) = 0. So, if y ^ A U B, we are done. Ify e AUB, 
if iJ.{A L) B) = 9, one of A, B must contain a cofinal sequence, it will have = 0. If not, then ^{A ij B) — {y}, 
and this will also hold for the one y is in. 

(p ^) : Let A C B, fi(B) n A 7^ 0, show n{A) = ^i{B) n A. But now = {y}, y G A, so B does not contain 

a cofinal subsequence, neither does A, so fJ-{A) — {y}. 

iliU) : {A - ii{A)) n ii{A') ^ 0, so niA') = {y}, so ij{A D A') = 9, as y e A - fx{A). 

But (/z g) does not hold: y & U — fi{U), but there is no x s.t. y ^ lJ,{{x, y}). 

□ 

karl-search= End Example Mu-Epsilon 
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2.3.12 Fact Mwor 

karl-search= Start Fact Mwor 



Fact 2.8 

(+++ Orig. No.: Fact Mwor +++) 

LABEL: Fact Mwor 

ifiwOR) + (/X c) ^ f{x uY)c f{x) u f{Y) u (X n r) 

karl-search= End Fact Mwor 



2.3.13 Fact Mwor Proof 

karl-search= Start Fact Mwor Proof 

Proof 

(+++*** Orig.: Proof ) 

f{X U y) C J{X) UY,f{XUY)CXU /(F), so f{X U F) C {f{X) UY)n{XU f{Y)) = f{X) U f{Y) U{XnY) 
□ 

karl-search= End Fact Mwor Proof 



2.3.14 Proposition Alg-Log 

karl-search= Start Proposition Alg-Log 

Proposition 2.9 

(+++ Orig. No.: Proposition Alg-Log +++) 

LABEL: Proposition Alg-Log 

The following table is to be read as follows: 

Let a logic |- satisfy (LLE) and (CCL), and define a function f : Dc ^ Dc by f{M{T)) := M{T). Then / 
is well defined, satisfies (fidp), and T = Th{f{M{T))). 

If ^ satisfies a rule in the left hand side, then - provided the additional properties noted in the middle for =^ 
hold, too - / will satisfy the property in the right hand side. 

Conversely, if / : 3^ ViMc) is a function, with Dc C 3;, and we define a logic by T := Th{f{M{T))), 
then I- satisfies (LLE) and {CCL). If / satisfies (^idp), then f{M{T)) = M{T). 

If / satisfies a property in the right hand side, then - provided the additional properties noted in the middle for 
hold, too - 1^ will satisfy the property in the left hand side. 

If "formula" is noted in the table, this means that, if one of the theories (the one named the same way in 
Definition 12.31 (page [H]) ) is equivalent to a formula, we do not need {fJ.dp) . 



Basics 


(1.1) 


(OR) 


=^ 


ifxOR) 


(1.2) 


<^ 


(2.1) 


(disjOR) 


=^ 


(fidisjOR) 


(2.2) 


<^ 


(3.1) 


{wOR) 


=^ 


(nwOR) 


(3.2) 


<^= 


(4.1) 


(SC) 


=> 


(mC) 


(4.2) 


<J= 


(5.1) 


(CP) 


=> 


(/i0) 


(5.2) 




(6.1) 


(PR) 




inPR) 


(6.2) 


<^ (yUdp) + (^ C) 


(6.3) 


without [fidp) 


(6.4) 


T' a formula 


(6.5) 


(PR) 


<= 

T' a foniinla 


iliPR') 


(7.1) 


(CUT) 




il^CUT) 


(7.2) 


<^ 


Cumulativity 


(8.1) 


(CM) 


=^ 


inCM) 


(8.2) 


<^ 


(9.1) 


(ResM) 


=> 


(fiResM) 


(9.2) 


<^ 


(10.1) 


(C3) 


=> 


(mC3) 


(10.2) 


<^ 


(11.1) 


(CUM) 


=^ 




(11.2) 




Rationality 


(12.1) 


{RatM) 


=> 


(liRatM) 


(12.2) 


<s= (/udp) 


(12.3) 


/= without (/idp) 


(12.4) 


<^ 

T a formula 


(13.1) 


{RatM =) 


=> 


(M=) 


(13.2) 


^ (/xrfp) 


(13.3) 


/= without (judp) 


(13.4) 


<^ 

T a formula 


(14.1) 


(Log =') 




(M=') 


(14.2) 


<^ (/idp) 


(14.3) 


^ without (l-idp) 


(14.4) 


<J= T a formula 


(15.1) 


{Log II) 


=> 


II) 


(15.2) 


<^ 


(16.1) 


(LoffU) 


^ (m ^) + (/^ =) 


(mu) 


(16.2) 


<^ (/idp) 


(16.3) 


^ without (i-idp) 


(17.1) 


{LogU') 


^if^Q + (p =) 


(mu') 


(17.2) 


<= (m^p) 


(17.3) 


^ without (j-idp) 



karl-search= End Proposition Alg-Log 
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2.3.15 Proposition Alg-Log Proof 

karl-search= Start Proposition Alg-Log Proof 



Proof 

(+++*** Orig.: Proof ) 

Set f{T) f{M{T)), note that /(T U T') f{M{T U T')) = f{M{T) n Af(T')). 
We show first the general framework. 

Let I- satisfy (LLE) and (CCL). Let f : Dc -> Dche defined by f{M{T)) := M{T). If M(T) A/(r'), then 
T = T', so by (LLE) f = F, so /(M(T)) = f{M{T')), so / is well defined and satisfies (^dp). By (CCL) 
Th{M{T)) = f. 

Let / be given, and |~ be defined by T Th{f{M{T))). Obviously, \^ satisfies (LLE) and (CCL) (and thus 

(RW)). If / satisfies (fidp), then f{M{T)) = M{T') for some T', and /(M(T)) = M(Th{f{M{T)))) = Af(f ) 
by Fact 12.41 fpage [T7)) . (We will use Fact 12.41 fpage [T7 )l now without further mentioning.) 

Next we show the following fact: 

(a) If / satisfies (fidp), or T' is equivalent to a formula, then Th{f{T) D MiT')) = TU T'. 

Case 1, / satisfies {^idp). Th{f{M{T))r\M{T')) = Th{M{T)nM{T) = fuT' by Fact [U (page [HI) (5). 

Case 2, T' is equivalent to </>'. Th{f{M{T))r\M{(f>')) = Th{f{M{T))) U {0'} = fu {^'} by Fact ES] (page [HI) 
(3). 

We now prove the individual properties. 

(1.1) {OR) ^ i^iOR) 

Let X Af(r), r = Af(T'). /(Xur) = f{M{T)\jM{T')) = f{M{TVT')) := Af (T V T') C(o^) A/(fnF) 
=(CCL) M(^) U Af(F) =: /(X) U /(y). 

(1.2) (^Oi?) ^ (OR) 

TVT Th{f{M{Tyr))) - Th{f{M{T)UAI{T'))) Df^^oB) Th{f{M{T))Uf{M{r))) = (by Fact [U (page 
[m ) Th{f{M{T)))nTh{f{M{T'))) TnT'. 

(2) By ^Con{T,T') ^ M{T) n Af(r') = 0, we can use directly the proofs for 1. 

(3.1) [wOR) (pwOR) 

Let X = M{T), Y = M{T'). f{XUY) = f{M{T)U M{T')) = J{M{T\/T')) := M{T V T') C(^^oR) M{fnT') 
={CCL) Mif) U M{T) =: f{X) U y. 

(3.2) (/iwOi?) ^ (wOi?) 

:= Th{f{M{T V T'))) - ThU{_M{T) U Af(T'))) 3(^^oi?) Th{f{M(T)) U A/(r)) = (by Fact [221 (page 
[m ) Th{f{M{T)))nTh{M{T')) =:Tr\T'. 

(4.1) (5C) ^ if, C) 
Trivial. 

(4.2) (m C) ^ (5C) 
Trivial. 

(5.1) (CP) ^ (m0) 
Trivial. 

(5.2) (/i0) ^ (CP) 
Trivial. 

(6.1) (PR) (AiPP) : 
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Suppose X A/(T), Y ;= M{T'), X C F, we have to show f{Y) n X C f{X). By prerequisite, T' C T, so 
TUT' = T, so T U T' = f by (XLS). By (Pi?) TUT' cT^UT, so /(F) nX = /(T')nAf(T) = M{¥(JT) C 
M(ruT') = Af (f ) = /(X). 

(6.2) (^Pi?) + (^dp) + (// C) ^ (PP) : 

f{T)r\M{T') =(^c) I{T)f\M {T)r\M{T') = fiT)nMiTUT') C(^p^) /{TUT'), so TUT = Th{f {TUT')) C 
Th{f{T) n A'/(r')) = f U T' by (a) above and (^dp). 

(6.3) (m-P^) 7^ (i^i?) without (^idp) : 

{uPR) holds in all preferential structures (see Definition 13.11 (page |43]) ) by Fact 13.21 (page |49l) . Example 13.21 
(page[5T]) shows that {DP) may fail in the resulting logic. 

(6.4) {jiPR) + (/i C) => {PR) if T' is classically equivalent to a formula: 

It was shown in the proof of (6.2) that /(T) n M(^') C J{T U {0'}), so T U {(j)'} = Th{J{T U {(/>'})) C 
Th{f{T) n A/((?!)')) = ^ U {0'} by (a) above. 

(6.5) {fiPR') ^ {PR), if 7" is classically equivalent to a formula: 

/(Af(r)) n Af(0') C ^^pR,) f{ M{T) n Af(0')) = f{M{T U {0'})). So again PU {</)'} = P/i(/(T U {0'})) C 
Th{f{T) n A.f(f )) = f U {0'} by (a) above. 

(7.1) {CUT) ^ {fiCUT) 

So let X = M{T), Y = M{T'), and /(T) := Af(f) C Af(T') C A/(T) ^ T C P^ C f =(lle) W) (by 
{CUT)) f = (T) 2 (f^ = ^ /(P) = Af(f) C A/(f^) = /(P'), t/iMs f{X) C /(y). 

(7.2) {fiCUT) ^ (CPP) 

Let P C P' C f. Thus /(P) C M{f) C Af(P') C M{T), so by {^iCUT) f{T) C /(P'), so f = Th{f{T)) D 
Th{f{T')) = ¥. 

(8.1) (CAf) ^ (^CAf) 

So let X = Af(P), y = A//(P'), and /(P) := Af(f) C A^(P') C M{T) ^ P C P' C f =(ll£;) W) (by 
(iPP), (CAf)) f = (f) C (f^ = F ^ /(P) = M{f) D Af (F) = /(P'), thus f{X) D f{Y). 

(8.2) {fiCM) ^ (CAf) 

Let P C P' C f. Thus by {^iCM) and /(P) C M{T) C Af (P') C A//(P), so /(P) D /(P') by {fiCM), soT = 
Th{f{T)) C Th{f{T')) = ¥. 

(9.1) {ResM) {fiResM) 

Let _/(5) A^(^), A := Af(a), B := Af(/3). So /(X) CAnB^A ^a,/3 ^(^esM) A, a /3 ^ 
A/(A7^) C M{(3) ^ f{X nA)CB. 

(9.2) {(iResM) =^ {ResM) 

Let /(X) := Af(^), A := Af(a), B := A/(/3). So A a,/3 ^ /(X) CAnB ^(^^esM) /(X n A) C B ^ 
A, a 

(10.1) (CD) ^ (^CD) 

Let f{T)_g M{T'), f{T')_C M{T). So Th{M{T)) C Th{f{T)), Th{M{T)) C Th{f{T')), so P' C P' C f , 
P C P C f^, so by (CD) f f^, so /(P) := A/(f ) ^ A-f (f^) =: f{T'). 

(10.2) (/.CD) ^ (CD) 

Let P C F and P' C f. So by {CCL) Th{M{T)) ^T cT^ ^ Th{f{T')). But Th{M{T)) C P/i(X) ^ X C 
M{T) : X C M{T_h{X)) C M{Th{M{T))) = M{T). So /(P') C Af(P), likewise /(P) C A4^(P'), so by (/i CD) 
/(P) = /(P'), so P = P^. 
(11.1) (CC/A/) ^ {fiCUM) : 
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So let X = M{T), Y = M{T'), and f(T) M{T) C M{T') C A/(T) T C T' C T ^(lle) (T) 
W^W)=W)=^ ^ I{T) = Mif) = Mi¥) = /(r), thus fix) = f{Y). 
(11.2) {^iCUM) =^ (CUM): 

Let T C T' C f_Tlius by (fiCUM) and /(T) C Af (f ) C M{T') C M(T), so /(T) = /(T'), so f = Th{f(T)) 
= Th{f{T')) = F. 

(12.1) {RatM) ^ (fiRatM) 

Let X = M(r), r Af(r'), and X C y, X n /(r) 7^ 0, so r h r' and M(r) n f(M{T')) ^ 0, so Con{T,¥), 
so F U r C f by (RatM), so /(X) = f{M{T)) = M{f ) C Af (F U T) = Af(F) n Af (T) = f{Y) n X. 

(12.2) (fiRatM) + (pdp) ^ (RatM) : 

Let X = A//(T), y = Af(T'), T h T', Con{T,¥), so X C Y and by (^ rfp) X n /(F) 7^ 0, so by (fiRatM) 
f{X) C /(y) nX, so f = TUT^ = Th{f{T U r')) ^ Th{f{T')r\M{T)) =FuT by (a) above and (^irfp). 

(12.3) [iiRatM) ^ (RatM) without (y^dp) : 

(fiRatM) holds in all ranked preferential structures (see Definition 13.41 (page SB]) ) by Fact 14.41 (page [77]) . 
Example 12.71 f page HO)) (2) shows that (RatM) may fail in the resulting logic. 

(12.4) {jiRatM) {RatM) if T is classically equivalent to a formula: 

(j,^T' ^ M{(j,) C M{T'). Con{(j,,¥) ^ M{¥) D M{(P) 7^ ^ f{ T') D M{(P ) 7^ by Fact (page [16]) (4). 
Thus f{M{(t))) C f{M{T')) n Af(0) by {^RatM). Thus by (a) above {</>} C ^. 

(13.1) {RatM =) {ji ^) 

Let X = M{T), Y = M{T'), and X C F, X n /(F) 7^ 0, so T h T' and M{T) n f{M{T')) ^ 0, so Con{T,¥), 
so F U T = f by (iJaiAf =), so /(X) = f{M{T)) = M{T) = M{T^ UT) = M{T^) n M{T) = f{Y) n X. 

(13.2) (^ =) + {fidp) => {RatM =) 

Let X = Af(r), Y = M{T'), T h T', Con{T,T^), so X C Y and by {fidp) X n /(F) 7^ 0, so by =) 
f{X) = /(F) n X. So F U T f (a) above and {fidp). 

(13.3) (^ =) 7^ (i?aiAf =) without (/zdp) : 

(/i =) holds in all ranked preferential structures (see Definition 13.41 (page llB)) ) by Fact 14.41 fpage [77)) . Example 
12.71 (page [30]) (1) shows that {RatM =) may fail in the resulting logic. 

(13.4) (/i =) ^ {RatM =) if T is classically equivalent to a formula: 

The proof is almost identical to the one for (12.4). Again, the prerequisites of (/i —) are satisfied, so f{M{(f))) = 
f{M{T')) n A/(</>). Thus, Fu {0} = I by (a) above. 

Of the last four, we show (14), (15), (17), the proof for (16) is similar to the one for (17). 

(14.1) {Log ^') {f, =') : 

f{M{T'))nM{T) 7^ ^ Con{¥uT) =>iLog=') TUT' =¥uT ^ f{M{TUT')) = f{M{T'))nM{T). 

(14.2) (/i =') + {^idp) => {Log =') : 

Con{¥uT)^^dp) f{M{r))nM{T) 7^ ^ f{M{T'\JT)) = f{M{T')nM{T)) /(Af(T')) n Af (T), so 

T'UT = T' U T by (a) above and {^dp). 

(14.3) (^ =') 7^ (io5 =') without {fidp) : 

By Fact l44l( page [77]) (/^ =') holds in ranked structures. Consider ExamplelO (page[40]l (2). There, Con{T,T'), 
T = TUT, and it was shown that T' U T ^ T = TUT' 

(14.4) (/i =') => (Toy =') if T is classically equivalent to a formula: 

Con{¥u{(j)}) ^0 7^ M{¥) n A//(?!)) /(T') n A/((/)) 7^ by Fact [2ll (page Mj (4). So /(Af(T' U {(/)})) = 
f{M{T') n A/((/))) = f{M{T')) n Af ((/)) by (/i ='), so T' U {<j)} =¥ U {(j)} by (a) above. 
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(15.1) {Log II) ^ in II) : 
Trivial. 

(15.2) (a* II) {Log II) : 
Trivial. 

(16) {LogU) <^ {fiU) : Analogous to the proof of (17). 

(17.1) {LogW) + {fiC) + (^ ^) ^ (^U') : 

f{M{T'))^{M{T)-f{M{T))) + ^(by {p. C), (^ ^ ),Jact|Ml(page[7a ) f{M{r))nM{T) + 0, j{M{T))r\ 
f{M{T)) = ^ Con{T', T), ^Con{T', T) ^T\JT' = T => f{M{T)) = f{M{T V T')) = f{M{T) U M{T')). 

(17.2) (^U') + (^rfp) ^ (ioyU') : 

Con(f^ur), -Con(f^uf) ^(..^p) f{T')nM{T) ^ 0, f{r )nf{T ) = ^ /(M(r)) n (M(r) ~ /(Af(r))) ^ 

^ f{M{T)) = f{M{T) U M(T')) = /(M(T V T')). So T = T V T'. 

(17.3) and (16.3) are solved by Example O (page HOD (3). 
□ 



karl-search= End Proposition Alg-Log Proof 



2.3.16 Example Rank-Dp 

karl-search= Start Example Rank- Dp 

Example 2.7 

(+++ Orig. No.: Example Rank-Dp +++) 

LABEL: Example Rank-Dp 

(1) (/i —) without {^idp) does not imply {RatM —) : 

Take {pi : i G lo} and put m m^p., the model which makes all pi true, in the top layer, all the other in 
the bo ttom layer. Let m' ^ m, T' := 0, T Th{m,m'). Then Then F = T', so Con{T^,T), T = Th{m'), 
T'UT = T. 

So {RatM =) fails, but {fi =) holds in all ranked structures. 

(2) {jiRatM) without {^idp) does not imply (RatM): 

Take {pi : i e and let m := m^p., the model which makes all pi true. 

Let X := A/(-ipo) U {m} be the top layer, put the rest of Mc in the bottom layer. Let Y := Mc- The structure 
is ranked, as shown in Fact 14.41 (page [77|) , {jiRatM) holds. 

Let T' := 0, T := Th{X). We have to show that Con{T,T^), T h T', but F U T ^ f . F Th{M{po) ~ {m}) 
^p^.T ^ {^po} V Th {mj, T = T. So Con{T,T). M(F) = M(po), M(T) = X, M{¥uT) = M{¥)r\M{T) = 
{m}, m ^pi, so pi eTUT, but X ^ pi. 

(3) This example shows that we need (/ic?p) to go from (/iU) to {Loglj) and from (/iU') to {LogU'). 
Let w(£) := {p, g} U {p; : i < uj}. Let m make all variables true. 

Put all models of -ip, and m, in the upper layer, all other models in the lower layer. This is ranked, so by Fact 
SH (pageEZI) {fiU) and (^U') hold. Set X := M{^q) U {m}, X' := M{q) - {to}, T := r/i(X) = V Th{m), 
T' := Th{X') = q. Then T = pA^q, ¥ = ^TTg. We have Con{¥,T), ^Con(F,f). But T V T' = p ^ f = 



/in 



pA^q and Con{T V T', T'), so (LogU) and (LogU') fail. 
□ 



karl-search= End Example Rank-Dp 
2.3.17 Fact Cut-Pr 

karl-search= Start Fact Cut-Pr 

Fact 2.10 

(+++ Orig. No.: Fact Cut-Pr +++) 

LABEL: Fact Cut-Pr 
(CUT) ^ (PR) 

karl-searcli= End Fact Cut-Pr 



2.3.18 Fact Cut-Pr Proof 

karl-search= Start Fact Cut-Pr Proof 

Proof 

(+++*** Grig.: Proof ) 
We give two proofs: 

(1) If (CUT) =^ (PR), then by (uPR) (by FactEl|(page[28|) (3)) {(iCUT) (by Proposition EJ (page [ 
(7.2) {CUT) {PR) we would have a proof of {^PR) =^ {PR) without {fJ,dp), which is impossible, as shown 
by Example [221 (page Mi) ■ 

(2) Reconsider Example [2]3] (page [32]) , and say a ^ pAq, b 1= pA^q, c |= ^pAq. It is shown there that {^iCUM) 
holds, so {fiCUT) holds, so by Proposition [23|(page [35l) (7.2) {CUT) holds, if we define f := Th{f{M{T)). 
Set T :== {p V {^p A q)}, T' := {p}, then TUT' =¥ = {pA^q}, T = T, TUT' = T' = O?}, so {PR) fails. 

□ 



karl-search= End Fact Cut-Pr Proof 



karl-search=: End ToolBasel-Log-Rules 



karl-search= End ToolBasel-Log 
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LABEL: General and smooth preferential structures 

3.0.19 ToolBasel-Pref 

karl-search= Start ToolBasel-Pref 

LABEL: Section Toolbasel-Pref 

3.0.20 ToolBasel-Pref-Base 

karl-search= Start ToolBasel-Pref-Base 

LABEL: Section Toolbasel-Pref-Base 

3.1 General and smooth: Basics 

LABEL; General and smooth: Basics 

3.1.1 Definition Pref-Str 

karl-search= Start Definition Pref-Str 

Definition 3.1 

(+++ Orig. No.: Definition Pref-Str +++) 

LABEL: Definition Prcf-Str 

Fix U and consider arbitrary X. Note tfiat this X lias not necessarily anything to do with U, or U below. 
Thus, the functions ^,M below are in principle functions from V toV - where V is the set theoretical universe 
we work in. 

(A) Preferential models or structures. 

(1) The version without copies: 

A pair M. :=< U, -<> with U an arbitrary set, and -< an arbitrary binary relation on U is called a preferential 
model or structure. 

(2) The version with copies: 

A pair M :=< U, ^> with U an arbitrary set of pairs, and -< an arbitrary binary relation on U is called a 

preferential model or structure. 

If < x,i >G U, then x is intended to be an element of U, and i the index of the copy. 

We sometimes also need copies of the relation ~<, we will then replace -< by one or several arrows a attacking non- 
minimal elements, e.g. x will be written a : x ^ y, < x,i >-« y,i > will be written a :< x,i >— »■< y,i >, 
and finally we might have < a,k >: x ^ y and < a,k >:< x,i >— >< y,i >, etc. 

(B) Minimal elements, the functions /xx 

(1) The version without copies: 
Let M :=< U, -<>, and define 

Ij,m{X) := {x e X : x G U A -.3a;' gXD U.x' -< x}. 

is called the set of minimal elements of X (in A4). 
Thus, iim{X) is the set of elements such that there is no smaller one in X. 

(2) The version with copies: 

Let M. :=< U, -<> be as above. Define 



IJ.m{X) := {x e X : 3 < x,i >e < x' ,i' >eU{x' e X A < x',i' >'-« x,i >)}. 

Thus, iim{X) is the projection on the first coordinate of the set of elements such that there is no smaller one 

in X. 

Again, by abuse of language, we say that is the set of minimal elements of X in the structure. If the 

context is clear, we will also write just ji. 

We sometimes say that < x,i > "kills" or "minimizes" < y,j > if < x,i >-« y,j>- By abuse of language 
we also say a set X kills or minimizes a set Y if for all < y,j >G U, y €Y there is < x,i >€ U, x G X s.t. 

< x,i >-<< y,j > . 

M is also called injective or 1-copy, iff there is always at most one copy < x,i > for each x. Note that the 
existence of copies corresponds to a non-injective labelling function - as is often used in nonclassical logic, e.g. 
modal logic. 

We say that A4 is transitive, irreflexive, etc., iff -< is. 
Note that IJ,{X) might well be empty, even if X is not. 
karl-search= End Definition Pref-Str 



3.1.2 Definition Pref-Log 

karl-search= Start Definition Pref-Log 

Definition 3.2 

(+++ Orig. No.: Definition Pref-Log +++) 

LABEL: Definition Pref-Log 

We define the consequence relation of a preferential structure for a given propositional language C. 

(A) 

(1) If m is a classical model of a language £, we say by abuse of language 
< m,i >\= (f) iS m \^ (j), 

and if X is a set of such pairs, that 
X \=(j)iS for all < m, i >e X TO ^ </>. 

(2) If At is a preferential structure, and X is a set of £— models for a classical propositional language C, or a 
set of pairs <m,i >, where the to are such models, we call A4 a classical preferential structure or model. 

(B) 

Validity in a preferential structure, or the semantical consequence relation defined by such a structure: 
Let A4 be as above. 
We define: 

T^M^iS hm{M{T)) ^ <P, i.e. iim{M{T)) C M(</.). 

M. will be called definability preserving iff for all X e Dc ij,m{^) G Dc- 

As fjbM is defined on Dc, but need by no means always result in some new definable set, this is (and reveals 
itself as a quite strong) additional property. 

karl-search= End Definition Pref-Log 
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3.1.3 Example NeedCopies 



karl-search= Start Example NeedCopies 

Example 3.1 

(+++ Orig. No.: Example NeedCopies +++) 

LABEL: Example NeedCopies 

This simple example illustrates the importance of copies. Such examples seem to have appeared for the first 
time in print in IKLM90| . but can probably be attibuted to folklore. 

Consider the propositional language L of two propositional variables p, g, and the classical preferential model 
defined by 

m 1= p A g, m! 1= p A m2 |= -ip A g, m-i ^ -ip A ^g, with TO2 -< ms < m' , and let \=m be its consequence 
relation, (m and m' are logically identical.) 

Obviously, Th{m) V {^p} ~^P, but there is no complete theory T' s.t. Th{m) V T' -^p. (If there 

were one, T' would correspond to m, m2, m^, or the missing ^ p A ^q, but we need two models to kill 
all copies of m.) On the other hand, if there were just one copy of m, then one other model, i.e. a complete 
theory would suffice. More formally, if we admit at most one copy of each model in a structure M, m ^ T, 
and Th(rn) V T \=m 4' for some (j) s.t. m \= -^(j) - i.e. m is not minimal in the models of Th{m) V T - then there 
is a complete T' with T' \- T and Th{m) V T' i-e. there is m" with m" |= T' and m" m. a 

karl-search= End Example NeedCopies 



3.1.4 Definition Smooth 

karl-search= Start Definition Smooth 

Definition 3.3 

(+++ Orig. No.: Definition Smooth +++) 

LABEL: Definition Smootii 

Let y C V{U). (In applications to logic, y will be £>£.) 

A preferential structure is called J^— smooth iff for every X ^y every element x ^ X is either minimal in X 
or above an element, which is minimal in X. More precisely: 

(1) The version without copies: 

If a; G X G 3^, then either x G ^i{X) or there is x' G fi{X).x' -< x. 

(2) The version with copies: 

If a; G X G 3^, and < x,i >G U, then either there is no < x',i' >G U, x' € X, < x',i' >^< x,i > or there is 
< x\ i' >G U, < x', i' >« x,i >, x' & X, s.t. there is no < a;", i" >G U, x" G X, with < x" , i" >« a;', i' > . 

When considering the models of a language £, A4 will be called smooth iff it is smooth; Dc is the default. 

Obviously, the richer the set y is, the stronger the condition 3^— smoothness will be. 

karl-search= End Definition Smooth 



3.1.5 ToolBasel-Rank-Base 



karl-search= Start ToolBasel-Rank-Base 

LABEL: Section Toolbasel-Rank-Base 

3.1.6 Fact Rank-Base 

karl-search= Start Fact Rank- Base 

Fact 3.1 

(+++ Orig. No.: Fact Rank-Base +++) 

LABEL: Fact Rank-Base 

Let ^ be an irreflexive, binary relation on X, then the foUowing two conditions are equivalent: 

(1) There is 51 and an irreflexive, total, binary relation -<' on f2 and a function / : X — > i7 s.t. a; ^ y <-> 
f{x) f{y) for all x,yeX. 

(2) Let x,y,z£X and xJ^y wrt. -< (i.e. neither x ~< y nor y ~< x), then z ~< x —>■ z ^ y and x ~< z y ^ z. 
□ 

karl-search= End Fact Rank-Base 



3.1.7 Definition Rank-Rel 

karl-search= Start Definition Rank-Rel 

Definition 3.4 

(-1— l-l- Orig. No.: Definition Rank-Rel +++) 

LABEL: Definition Rank-Rol 

We call an irreflexive, binary relation -< on X, which satisfies (f) (equivalently (2)) of Fact 13. ll fpage HS)) , 
ranked. By abuse of language, we also call a preferential structure < X,^> ranked, iff -< is. 

karl-search= End Definition Rank-Rel 
karl-search= End ToolBasef-Pref-Base 



Ad 



3.2 General and smooth: Summary 

3.2.1 ToolBasel-Pref-ReprSumm 

karl-search= Start ToolBasel-Pref-ReprSumm 

LABEL: Section Toolbascl-Prcf-RcprSumm 

3.2.2 Proposition Pref-Representation-With-Ref 

karl-search= Start Proposition Pref-Representation-With-Ref 

The following table summarizes representation by preferential structures. The positive implications on the right 
are shown in Proposition l2.9l (page [55|) (going via the /i— functions), those on the left are shown in the respective 
representation theorems. 

"singletons" means that the domain must contain all singletons, "1 copy" or " > 1 copy" means that the 
structure may contain only 1 copy for each point, or several, " (/j,0) " etc. for the preferential structure mean 
that the /i— fimction of the structure has to satisfy this property. LABEL: Proposition Prcf-Rcprcscntation-With-Ref 



/17 



/i— function 




Prof. Structure 




Logic 


(M C) + {p.PR] 


Fact Ism 
pagel49l 


general 




{LLE] + {RW) + 
(SC) + {PR) 


=^ 

Proposition 13.41 
pago[52J 






^ without [pdp) 
Example [X2] 
page [51] 


■0- without [pdp) 
Proposition|3.22|('l) 
page [75] 


any '^normal" 
characterization 
of any size 


itJ. C) + (^Pfl) 


<;= 

Factl3T2l 
pagcl49l 


transitive 




(LLE) + {RW) + 
(SC) + {PR) 


=^ 

Proposition 13.71 
pago[55J 






^ without [pdp) 
Example [^ 
page [51] 


without [jidp) 
See Sch04 


using "small" 
exception sets 


C) + {fj.PR) + if^CUM) 


FactlOl 
page 1501 


smooth 




{LLE} + {RW) + 
(SC) + {PR) + 
{CUM) 


^ (U) 
Proposition 13. 121 
pagcieil 


(u) 


^ without (U) 
See ISch04l 


^ without {^dp} 
Example [fe] 
pagelSlI 


(At C) + (pPfl) + (pCUM) 


<^ 

Fact 1331 
page 1501 


smootli+transitive 


=!> (Atrfp) 


{LLE) + {RW) + 
(SC) + {PR) + 
{CUM) 


^ (u) 

Proposition 13.201 
pageln] 


^ (U) 




^ without {^dp} 
Example [nH] 
page 15 11 


•i^- without [fidp) 
See ISch04l 


using "small" 
exception sets 


(m c) + =) + (^PR)+ 
ill =') + (m ||) + (AtU) + 
(aiU') + (a* e) + (nB.atM) 


FactlOl 
page [77] 


ranked, > 1 copy 






{^l c) + (At =) + (MPfl)+ 
(mu) + (p e) 


Examplel4.1l 
page [82] 


ranked 






(m C) + =) + (pS) 


(U) 

Proposition [^3] (1) 
page 1791 


ranked, 
1 copy + (^0) 






(m c) + (m =) + (^0) 


(U) 

Proposition^^] (1) 
page 1791 


ranked, smooth, 
1 copy + (piD) 






C) + (ai =) + (M0/i") + 

(me) 


(U), singletons 
Proposition [Ts] (2) 
page [79] 


ranked, smooth, 
> 1 copy + (/iQ/zn) 






C) + (pPP) + (At ||) + 

(mu) + (m e) 


(U), singletons 
Proposition 14.81 
page [82] 


ranked 
> 1 copy 


7^ without {pidp) 
Example [TtI 
page [40] 


(RatM), {RatM =), 
{LogU),{LogU') 


^ without {^dp) 
Propositionl3.22l(2') 
page [75] 


any "normal" 
characterization 
of any size 



karl-search= End Proposition Pref-Representation-With-Ref 



3.2.3 Proposition Pref-Representation-Without-Ref 

karl-search= Start Proposition Pref-Representation-Without-Ref 

The following table summarizes representation by preferential structures. 

"singletons" means that the domain must contain all singletons, "1 copy" or " > 1 copy" means that the 



structure may contain only 1 copy for each point, or several, "{ii^)" etc. for the preferential structure mean 

that the ^ — function of the structure has to satisfy this property, label: Proposition Pref-Representation-Without-Ref 



fx— function 




Pref.Structure 




Logic 


{IX C) + {IJ.PR) 




general 


=> {ndp) 


{LLE) + {BW) + 
{SC) + (Pi?) 




<^ 




7^ without (fJ-dp) 


^ without {ixdp) 


any "normal" 
characterization 

of any size 


(H C) + (uPR) 




transitive 


=> (Aidp) 


(LLE) + (RW) + 
(SC) + (PR) 




<;= 




without {iidp) 


^ without {/xdp) 


using "small" 
exception sets 


{H C) + {uPR) + (IJ.CUM) 




smooth 


=> il^dp) 


(LLE) + (RW)+ 
(SC) + (PR)+ 
(CUM) 


^ (U) 


^ (U) 




without {(xdp) 


in C) + (uPR) + (IJ.CUM) 




smooth+transitive 




(LLE) + (RW) + 
(SC) + (PR) + 
(CUM) 


— m\ 

=^ (U) 


/i i\ 

^ (U) 




7^ without {iJfdp) 


without {^fj/dp) 


using "small" 
exception sets 


(,M + (,M — J + {p.PK} + 

(m =') + (p ||) + (a'U)+ 

(/xU') + (a* e) + iiiRatM) 




ranked, ^ 1 copy 






(a< c) + (m =) + (pPRH 
(jj.li) + (m e) 




ranked 






(M + — ) + (p-yi) 


^, (U) 


ranked, 
1 copy + (m0) 






(H C) + (m =) + (m0) 


(U) 


ranked, smooth, 
1 copy + (ju0) 






(a* C) + (m =) + + 


■O, (U), singletons 


ranked, smooth, 
> 1 copy + (n$fin) 






C) + (MPfi) + ll) + 
(;iU) + (ix 6) 


(U), singletons 


ranked 
> 1 copy 


^ without {fxdp) 


{RatM), {RatM 
(LopU), (Lopu') 


^ without {{xdp) 


any "normal" 
characterization 
of any size 



karl-search= End Proposition Pref-Representation- Without- Ref 



3.2.4 Fact Pref-Sound 

karl-search= Start Fact Pref-Sound 

Fact 3.2 

(+++ Orig. No.: Fact Pref-Sound +++) 

LABEL: Fact Pref-Sound 

(/i C) and [uPR) hold in all preferential structures. 
karl-search= End Fact Pref-Sound 



3.2.5 Fact Pref-Sound Proof 



karl-search= Start Fact Pref-Sound Proof 

Proof 

(+++*** Grig.: Proof ) 

Trivial. The central argument is: if y G X C Y, and x ^ y in X, then also x ~< y in Y. 
□ 

karl-search= End Fact Pref-Sound Proof 



3.2.6 Fact Smooth-Sound 

karl-search= Start Fact Smooth-Sound 

Fact 3.3 

(+++ Orig. No.: Fact Smooth-Sound +++) 

LABEL: Fact Smooth-Sound 

(a* il^-PR), and (fiCUM) hold in all smooth preferential structures. 
karl-search= End Fact Smooth-Sound 



3.2.7 Fact Smooth-Sound Proof 

karl-search= Start Fact Smooth-Sound Proof 

Proof 

(+++*** Orig.: Proof ) 

By Fact E21 (page Ell) , we only have to show (piCUM). By Fact [22] (page (22]) , (nCUT) follows from {fiPR), 
so it remains to show [jiCM). So suppose /i(X) C y C X, we have to show ^(Y) C fi{X). Let x E X — fJ-{X), 
so there is x' € X, x' ^ x, by smoothness, there must be x" £ fJ.{X), x" -< x, so x" £ F, and x ^ /i(i^). The 
proof for the case with copies is analogous. 

karl-search= End Fact Smooth-Sound Proof 



3.2.8 Example Pref-Dp 

karl-search= Start Example Pref-Dp 



Example 3.2 

(+++ Orig. No.: Example Prcf-Dp +++) 

LABEL: Example Pref-Dp 

This example was first given in [Sch92] . It shows that condition (PR) may fail in preferential structures which 
are not definability preserving. 

Let v{C) :— {pi : i £ lu}, n, n' £ be defined by n |= {pi : i e lu}, n' \= {~'Pq} U {pi : < i < uj}. 

Let A4 :=< AIc,^> where only n ~< n', i.e. just two models are comparable. Note that the structure is 
transitive and smooth. Thus, by Fact [331 (page [HDD (/i C), (fiPR), {^iCUM) hold. 

Let /i := /ix, and be defined as usual by /i. 

Set T 0, T' {p, : < i < w}. We have Mt = Mc, /(My) = Mc - {n'}, Mt' = {n,n'}, /(Mt')_== {n}. 
So by the result of Example 12.11 (page [T8)) , / is not definability preserving, and, furthermore, T = T, 

T = {pi:i< uj}, so po e TUT', butTUT' = TUT' = T,sopo(^TU T', contradicting (PR), which holds 
in all definability preserving preferential structures □ 

karl-search= End Example Pref-Dp 
karl-search= End ToolBasel-Pref-ReprSumm 



K1 



3.3 General: Representation 

3.3.1 ToolBasel-Pref-ReprGen 

karl-search= Start ToolBasel-Pref-ReprGen 

LABEL: Section Toolbasel-Pref-RoprGon 

3.3.2 Proposition Pref- Complete 

karl-search= Start Proposition Pref-Complete 

Proposition 3.4 

(+++ Orig. No.: Proposition Pref-Completc +++) 

LABEL: Proposition Pref-Complete 

Let fj, : y ^ T^iU) satisfy (/i C) and {jiPR). Then there is a preferential structure X s.t. ji = jix- See e.g. 
|Sch04) . 

lcarl-search= End Proposition Pref-Complete 



3.3.3 Proposition Pref-Complete Proof 

karl-search= Start Proposition Pref-Complete Proof 

Proof 

(+++*** Orig.: Proof ) 

The preferential structure is defined in Construction 13.11 (page [53l) , Claim 13.61 (page [54]) shows representation. 
The construction is basic for much of the rest of the material on non-ranked structures. 

3.3.4 Definition Y-Pi-x 

karl-searcfi= Start Definition Y-Pi-x 

Definition 3.5 

(+++ Orig. No.: Definition Y-Pi-x +++) 

LABEL: Definition Y-Pi-x 

For x^Z, let y^,. := {Y e y-. x - ^(F)}, H^, := H^^. 

Note that J^^, 0, and that {0} iff y^ = 0. 

karl-search= End Definition Y-Pi-x 



3.3.5 Claim Mu-f 



karl-search= Start Claim Mu-f 

Claim 3.5 

(+++ Orig. No.: Claim Mu-f +++) 

LABEL: Claim Mu-f 

Let Ai : 3^ ^ V{Z) satisfy (/x C) and {uPR), and let U ey. Then x G ii{U) ^ x e C/ A 3/ e U^.ran{f)nU = 0. 
karl-search= End Claim Mu-f 



3.3.6 Claim Mu-f Proof 

karl-search= Start Claim Mu-f Proof 

Proof 

(+++*** Orig.: Proof ) 

Case 1: = 0, thus IL^ = {0}. " ^ ": Take f := 9. ^ x e U G y, y^ = 9 ^ x e n{U) by definition of 

Case 2: 3^x7^0- Let x e ii{U) C f/. It suffices to show F e But if F C and F e 

then xeY- /i{Y), contradicting {/iPR). " ^ ": UxgU- ii{U), then U e y^, so V/ e Ila:.ran{f) n [/ 7^ 0. □ 



karl-search= End Claim Mu-f Proof 



3.3.7 Construction Pref-Base 

karl-search= Start Construction Pref-Base 

Construction 3.1 

(+++ Orig. No.: Construction Pref-Base -|--|--|-) 

LABEL: Construction Pref-Base 

het X := {< X, f >: X e Z h f G li^], and < x' , f >~« x, f > ■.■^ x' G ran{f). Let Z :=< X, -<> . 
karl-search= End Construction Pref-Base 



3.3.8 Claim Pref-Rep-Base 

karl-searcli= Start Claim Pref-Rep-Base 



Claim 3.6 

(+++ Orig. No.: Claim Prcf- Rep-Base +++) 

LABEL: Claim Prcf-Rop-Basc 

For uey, ^JL{u)^^iz{u). 

karl-seareli= End Claim Pref-Rep-Base 



3.3.9 Claim Pref-Rep-Base Proof 

karl-search= Start Claim Pref-Rep-Base Proof 

Proof 

(+++*** Orig.: Proof) 

By Claim 133] (page [53]) , it suffices to show that for &\\U x E fJ'z{U) x E U and 3/ G Ilx.ran{f)r\U = 0. 
So let U € y. " ^ ": li X E fj,z{U), then there is < x,f > minimal in X\U (recall from Definition 11.11 
(page [TT]) that X\U {< x,i >E X : x E U}), so x E U, and there is no < x' , f >-« x,f >, x' E U, 
so by Hx' ^ there is no x' E ran{f), x' E U, but then ran{f) OU = 0. " ^ ": li x E U, and there is 
/ E Tlx, ran{f )fMJ = 0, then < x, / > is minimal \nX\U. □ ( Claim [3?6l (page [54]) and Proposition]^ (page [52]) ) 



karl-search= End Claim Pref-Rep-Base Proof 



karl-search= End Proposition Pref-Complete Proof 



3.3.10 Proposition Pref-Complete- Trans 



karl-search= Start Proposition Pref-Complete- Trans 

Proposition 3.7 

(+++ Orig. No.: Proposition Pref-Complete- Trans +++) 

LABEL: Proposition Prcf-Complctc-Trans 

Let fi : y ^ T^{U) satisfy C) and {jiPR). Then tliere is a transitive preferential structure X s.t. ji = jix- 
See e.g. |Scli04j . 

karl-searcli= End Proposition Pref-Complete- Trans 



3.3.11 Proposition Pref-Complete- Trans Proof 

karl-search= Start Proposition Pref-Complete- Trans Proof 

Proof 

(+++*** Orig.: Proof ) 

3.3.12 Discussion Pref- Trans 

karl-searcli= Start Discussion Pref- Trans 

3.3.12.1 Discussion Pref- Trans 

(+++*** Orig.: Discussion Pref- Trans ) 

LABEL: Section Discussion Pref- Trans 

The Construction 13. ll (page [53]) (also used in |Sch92| ) cannot be made transitive as it is, this will be shown 
below in Example 13.31 (page EH) • The second construction in [Sch92| is a special one, which is transitive, but 
uses heavily lack of smoothness. (For completeness' sake, we give a similar proof in Proposition 13. Ill (page [60]) 
.) We present here a more flexibel and more adequate construction, which avoids a certain excess in the relation 
-< of the construction in Proposition 13. Ill (page [50]) : There, too many elements < y,g > are smaller than some 
< a;, / >, as the relation is independent from g. This excess prevents transitivity. 

We refine now the construction of the relation, to have better control over successors. 

Recall that a tree of height < uj seems the right way to encode the successors of an element, as far as transitivity 
is concerned (which speaks only about finite chains). Now, in the basic construction, different copies have 
different successors, chosen by different functions (elements of the cartesian product). As it suffices to make 
one copy of the successor smaller than the element to be minimized, we do the following: Let < x,g >, with 
g € Il{X : X G X — f{X)} be one of the elements of the standard construction. Let < x', g' > be s.t. x' € ran{g), 
then we make again copies < x,g,g' >, etc. for each such x' and g', and make only < x',g' >, but not some 
other < x',g" > smaller than < x,g,g' >, for some other g" G Il{X' : x' G X' — f{X')}. Thus, we have a 
much more restricted relation, and much better control over it. More precisely, we make trees, where we mark 
all direct and indirect successors, and each time the choice is made by the appropriate choice functions of the 
cartesian product. An element with its tree is a successor of another element with its tree, iff the former is an 
initial segment of the latter - see the definition in Construction 13.21 (page [57]) . 

Recall also that transitivity is for free as we can use the element itself to minimize it. This is made precise 
by the use of the trees tfj; for a given element x and choice function f^- But they also serve another purpose. 
The trees tfx are constructed as follows: The root is x, the first branching is done according to fx, and then 



we continue with constant choice. Let, e.g. x' G ran{fx), we can now always choose x' , as it will be a legal 
successor of x' itself, being present in all X' s.t. x' G X' ~ f{X'). So we have a tree which branches once, 
directly above the root, and is then constant without branching. Obviously, this is essentially equivalent to the 
old construction in the not necessarily transitive case. This shows two things: first, the construction with trees 
gives the same /i as the old construction with simple choice functions. Second, even if we consider successors 
of successors, nothing changes: we are still with the old x' . Consequently, considering the transitive closure will 
not change matters, an element < x, tfx > will be minimized by its direct successors iff it will be minimized 
by direct and indirect successors. If you like, the trees tf^ are the mathematical construction expressing the 
intuition that we know so little about minimization that we have to consider suicide a serious possibility - the 
intuitive reason why transitivity imposes no new conditions. 

To summarize: Trees seem the right way to encode all the information needed for full control over successors 
for the transitive case. The special trees tfx show that we have not changed things substantially, i.e. the new 
/i— functions in the simple case and for the transitive closure stay the same. We hope that this construction will 
show its usefulness in other contexts, its naturalness and generality seem to be a good promise. 

We give below the example which shows that the old construction is too brutal for transitivity to hold. 

Recall that transitivity permits substitution in the following sense: If (the two copies of) x is killed by yi and 
y2 together, and yi is killed by Zi and Z2 together, then x should be killed by zi, Z2, and j/2 together. 

But the old construction substitutes too much: In the old construction, we considered elements < x, f >, where 
/ G IIj;, with < y,g >^< x,f > iffy £ ran{f), independent of g. This construction can, in general, not be 
made transitive, as Example 13.31 fpage[56 )) below shows. 

The new construction avoids this, as it "looks ahead" , and not all elements < j/i, ty-^ > are smaller than < Xjt^ >, 
where yi is a child of x in (or yi G ran{f)). The new construction is basically the same as Construction [37T] 
(page [55)1 , but avoids to make too many copies smaller than the copy to be killed. 

Recall that we need no new properties of /i to achieve transitivity here, as a killed element x might (partially) 
"commit suicide", i.e. for some i, i' < x,i >-<< x,i' >, so we cannot substitute x by any set which does not 
contain x : In this simple situation, if x £ X ~ fJ-{X), we cannot find out whether all copies of x are killed 
by some y ^ x, y G X. We can assume without loss of generality that there is an infinite descending chain of 
cc— copies, which are not killed by other elements. Thus, we cannot replace any yi as above by any set which 
does not contain yi, but then substitution becomes trivial, as any set substituting yi has to contain yi. Thus, 
we need no new properties to achieve transitivity. 

karl-search=: End Discussion Pref- Trans 



3.3.13 Example Trans- 1 

karl-search= Start Example Trans- 1 

Example 3.3 

(+++ Orig. No.: Example Trans-1 +++) 

LABEL: Example Trans-1 

As we consider only one set in each case, we can index with elements, instead of with functions. So suppose 
X, yi,y2 G X, yi, zi, Z2 G Y, X ^ ^J'■{X), yi ^ Ai(i^), and that we need yi and y2 to minimize x, so there are two 
copies < x,yi >, < a::,y2 >, likewise we need zi and Z2 to minimize yi, thus we have < x,yi >>-< yi,zi >, 
< X, yi >>-< yi, Z2 >, < X, y2 >>- y2, < yi, zi zi, < yi, Z2 >>- Z2 (the and y2 are not killed). If we take 
the transitive closure, we have < x, yi z^. for any i, fc, so for any z^ {z^, y2} will minimize all of x, which is 
not intended. □ 



karl-search= End Example Trans- 1 

The preferential structure is defined in Construction 13.21 (page [57]) , Claim 13.91 (page [55]) shows representation 
for the simple structure, Claim !?. 101 fpage lSPp representation for the transitive closure of the structure. 

The main idea is to use the trees tfx , whose elements are exactly the elements of the range of the choice function 
/. This makes Construction 13. ll (page[53 |l and Construction 13.21 (page [57|) basically equivalent, and shows that 
the transitive case is characterized by the same conditions as the general case. These trees are defined below in 
Fact 13.81 (page [57 ]) , (3), and used in the proofs of Claim (page [55]) and Claim [??TU1 (page [55 ]) . 

Again, Construction 13.21 (page [57)1 contains the basic idea for the treatment of the transitive case. It can 
certainly be re- used in other contexts. 

3.3.14 Construction Pref- Trees 

karl-search= Start Construction Pref- Trees 

Construction 3.2 

(+++ Grig. No.: Construction Pref- Trees +++) 

LABEL: Construction Picf- Trees 

(1) For a; G Z, let be the set of trees s.t. 

(a) all nodes are elements of Z, 

(b) the root of tx is x, 

(c) height(tx) < w, 

(d) if y is an element in t^, then there is / G IIj, := Il{Y G 3^: y E Y ~ m(^)} s-t. the set of children of y is 
ran{f). 

(2) For x,y E Z, tx E Tx, ty G Ty, set tx [> tj, iff y is a (direct) child of the root x in tx, and ty is the subtree of 
tx beginning at y. 

(3) Let Z < {< x, tx >: x € Z, tx G T^} , < x, tx »< y, > iff > > . 
karl-search= End Construction Pref- Trees 



3.3.15 Fact Pref- Trees 

karl-search= Start Fact Pref- Trees 

Fact 3.8 

(+++ Grig. No.: Fact Pref- Trees +++) 

LABEL: Fact Pref- Trees 

(1) The construction ends at some y iff 3^j, = 0, consequently Tx = {x} iff = 0. (We identify the tree of 
height 1 with its root.) 

(2) If yx ^ 0, tcx, the totally ordered tree of height u, branching with card — 1, and with all elements equal to 
X is an element of Tx- Thus, with (1), Tx ^ for any x. 



(3) If / G Ha., / 7^ 0, then the tree tf^ with root x and otherwise composed of the subtrees ty for y G ran{f), 
where ty := y iS yy = 0, and ty :— tcy iff ^ 0, is an element of T^- (Level of tf^ has x as element, the tyS 
begin at level 1.) 

(4) If y is an element in t^ and ty the subtree of t^ starting at y, then ty £ Ty. 

(5) < x,tx >y< y,ty > implies y £ ran{f) for some / £ Ilx- □ 

karl-search== End Fact Pref- Trees 



3.3.16 Claim Tree-Repres-1 

karl-search= Start Claim Tree-Repres-1 

Claim [331 fpage [58 )1 shows basic representation. 
Claim 3.9 

(+++ Orig. No.: Claim Tree-Repres-1 +++) 

LABEL: Claim Trcc-Rcprcs-1 

karl-search= End Claim Tree-Repres-1 



3.3.17 Claim Tree-Repres-1 Proof 

karl-search= Start Claim Tree-Repres-1 Proof 

Proof 

(+++*** Orig.: Proof ) 

By Claim [33] (page E21) , it suffices to show that for all U e y x e ^iziU) ^ x e U A 3f e Uj^.ranif) nU = 9. 
Fix U £ y. " — > ": X E f-z{U) ex. < x,tx > minimal in Z\U, thus x & U and there is no < y,ty >e Z, 
< y, ty >^< x,ta: >, y E U. Let / define the set of children of the root x in tx- If ran{f) n J7 7^ 0, if y S C/ is a 
child of a; in t^;, and if ty is the subtree of tx starting at y, then ty G Ty and < y, ty >« x,tx >, contradicting 
minimality of < x,tx > in Z\U. So ran{f) n C/ = 0. " <— ": Let x E U. li yx ^ 0, then the tree x has no 

[>— successors, and < a:, a; > is > minimal in Z. If 3^3, ^ and f eHx s.t. ran{f) fl C/ = 0, then < x, tfx > is 

> minimal in Z \U. □ 

karl-search= End Claim Tree-Repres-1 Proof 



3.3.18 Claim Tree-Repres-2 



karl-search= Start Claim Tree-Repres-2 

We consider now the transitive closure of Z. (Recall that -<* denotes the transitive closure of -< .) Claim [STTOl 
(page [nH) shows that transitivity does not destroy what we have achieved. The trees tfx will play a crucial role 
in the demonstration. 

Claim 3.10 

(+++ Orig. No.: Claim Tree-Repres-2 +++) 

LABEL: Claim Trcc-Rcpros-2 

Let Z' := < {< x,tx >: X £ Z, tx £ Tx}, < x,tx >>-< y,ty > iff \>* ty > . Then ^iz = ^.z'- 
karl-search= End Claim Tree-Repres-2 



3.3.19 Claim Tree-Repres-2 Proof 

karl-search= Start Claim Tree-Repres-2 Proof 

Proof 

Orig.: Proof ) 

Suppose there is L/ G 3^, x £ J7, x G fiziU), x ^ iiz'iU). Then there must be an element < x^t^ >G Z with no 

< X, tj. »< y, ty > for any y £ U. Let f £ Hx determine the set of children of x in t^, then ran{f) n [/ = 0, 
consider tfx- As all elements ^ x of tfx are already in ran{f), no element of tf^ is in U. Thus there is no 

< z^tz ><*< x,tfx > in Z with z £ U, so < x,tfx > is minimal in Z'\U, contradiction. □ fClaim [3.10l (page 
[59)1 and Proposition 13.71 (page [55]) ) 

karl-search= End Claim Tree-Repres-2 Proof 
karl-search= End Proposition Pref-Complete- Trans Proof 



3.3.20 Proposition Equiv- Trans 

karl-searcli= Start Proposition Equiv- Trans 

We give now the direct proof, which we cannot adapt to the smooth case. Such easy results must be part of 
the folklore, but we give them for completeness' sake. 

Proposition 3.11 

(-1— I— f Orig. No.: Proposition Equiv- Trans -t^-f-f ) 



LABEL: Proposition Equiv- Trans 

In the general case, every preferential structure is equivalent to a transitive one - i.e. they have the same 

/i— functions. 

karl-search= End Proposition Equiv- Trans 



3.3.21 Proposition Equiv- Trans Proof 

karl-search= Start Proposition Equiv-Trans Proof 

Proof 

(+++*** Orig.: Proof ) 

If < a,i >y< b,j >, we create an infinite descending chain of new copies < 6, < j,a,i,n >>, n € w, 
where < 6, < j,a,i,n >>y< b,< j,a,i,n' >> if n' > n, and make < a,i >)^< b,< j,a,i,n >> for all 
n £ CO, but cancel the pair < a,i >>-< b,j > from the relation (otherwise, we would not have achieved 
anything), but < b,j > stays as element in the set. Now, the relation is trivially transitive, and all these 
< 6, < j,a,i,n » just kill themselves, there is no need to minimize them by anything else. We just 
continued < a,i >>-< b,j > in a way it cannot bother us. For the < b,j >, we do of course the same thing 
again. So, we have full equivalence, i.e. the /U— functions of both structures are identical (this is trivial to see). □ 

karl-search= End Proposition Equiv-Trans Proof 
karl-search= End ToolBasel-Pref-ReprGen 



3.4 Smooth: Representation 

3.4.1 ToolBasel-Pref-ReprSmooth 

karl-search= Start ToolBasel-Pref-ReprSmooth 

LABEL: Section Toolbascl-Prcf-RcprSmooth 

3.4.2 Proposition Smooth-Complete 

karl-search= Start Proposition Smooth-Complete 

Proposition 3.12 

(+++ Orig. No.: Proposition Smooth-Complete +++) 

LABEL: Proposition Smooth-Complete 

Let ^i-.y V{U) satisfy C), (piPR), and (nCUM), and tlie domain y (U). 
Tiien tliere is a 3^— smootli preferential structure X s.t. ^ — ^x- See e.g. |Sch04] . 
karl-search= End Proposition Smooth-Complete 



3.4.3 Proposition Smooth-Complete Proof 

karl-search= Start Proposition Smooth-Complete Proof 

Proof 

(+++*** Orig.: Proof) 

3.4.4 Comment Smooth-Complete Proof 

karl-search= Start Comment Smooth-Complete Proof 

Outline: We first define a structure Z (in a way very similar to Construction [3Tl1 (page [53]) ) which represents /i, 
but is not necessarily 3^— smooth, refine it to Z' and show that Z' represents /i too, and that Z' is 3^— smooth. 

In the structure Z' ^ all pairs destroying smoothness in Z are successively repaired, by adding minimal elements: 
If < y, j > is not minimal, and has no minimal < x,i > below it, we just add one such < x,i > . As the repair 
process might itself generate such "bad" pairs, the process may have to be repeated infinitely often. Of course, 
one has to take care that the representation property is preserved. 

The proof given is close to the minimum one has to show (except that we avoid H(U), instead of t7 - as 
was done in the old proof of [Sch96-1]). We could simplify further, we do not, in order to stay closer to the 
construction that is really needed. The reader will find the simplification as building block of the proof of the 
transitive case. (In the simplified proof, we would consider for x,U s.t. x G P^{U) the pairs < x, gu > with 
gu G II{a'(C^ \J Y) : X ^ Y ^ H{U)}, giving minimal elements. For the U s.t. x ^ U ~ n{U), we would choose 
< x,g > s.t. g e U{^{Y) : x G F G 3^} with < x' , g'j-f >-« x,g > for < x' , g'jj > as above.) 

Construction 13.31 (page I66p represents fx. The structure will not yet be smooth, we will mend it afterwards in 
Construction 13.41 (page 155)) . 

karl-search= End Comment Smooth-Complete Proof 



3.4.5 Comment HU 



karl-search= Start Comment HU 

3.4.5.1 The constructions 

(+++*** Orig.: The constructions ) 

LABEL: Section Tlie eonstructions 

y will be closed under finite unions throughout this Section. We first define H{U), and show some facts about 
it. H{U) has an important role, for the following reason: If m € fJ,{U), but u ^ X — then there is 

X G fJ-{X) — H{U). Consequently, to kill minimality of u in X, we can choose x G — H{U), x < without 

interfering with u's minimality in U. Moreover, \i x (HY — /d{Y), then, by x ^ H{U), fJ.{Y) % H{U), so we can 
kill minimality of x in y by choosing some y ^ H(U). Thus, even in the transitive case, we can leave U to 
destroy minimality of u in some X, without ever having to come back into [/, it suffices to choose sufficiently 
far from U, i.e. outside H{U). H{U) is the right notion of "neighborhood". 

Note: Not all z E Z have to occur in our structure, therefore it is quite possible that X E y, X ^ (li, but 
fJ,z{X) = 0. This is why we have introduced the set K in Definition 13.71 (page [62]) and such X will be subsets 
of Z-K. 

Let now ^J. : y ^ ViZ). 
karl-search= End Comment HU 



3.4.6 Definition HU 

karl-search= Start Definition HU 

Definition 3.6 

(+++ Orig. No.: Definition HU +++) 

LABEL: Definition HU 

Define H{U) := U{^ : C U}. 

karl-search= End Definition HU 



3.4.7 Definition K 

karl-searcli= Start Definition K 

Definition 3.7 

(+++ Orig. No.: Definition K +++) 

LABEL: Definition K 

Let K := {x e Z -.^X ey.x E ^l{X)} 
karl-search= End Definition K 



3.4.8 Fact HU-1 



karl-search= Start Fact HU-1 

Fact 3.13 

(+++ Orig. No.: Fact HU-1 +++) 

LABEL: Fact HU-1 

(a* ^) + inPR) + (/iCC/M) + (U) entail: 

(1) niA) C B ^ n{AUB) = fi{B) 

(2) ii{X) CU,U CY ^ ^i{YUX) ^ fi{Y) 

(3) fi{x) cu,u cY ^ ^(r) nx c ^{u) 

(4) n{x) cu ^ fi{u) nx c ^{x) 

(5) U QA, ^i{A) C H{U) ^l{A) C U 

(6) Let X e X, y G 3^, a; G r - then ^ 0. 
karl-search= End Fact HU-1 



3.4.9 Fact HU-1 Proof 

karl-search= Start Fact HU-1 Proof 

Proof 

(-H+-f*** Grig.: Proof ) 

(1) ^Ji{A) CB ^ ^iiAuB)C ^{A) U fi{B) C B -^(^cum) = U B). 

(2) trivial by (1). 

(3) ^i{Y) n X = (by (2)) /i(y U X) n X C /i(y U X) n (X U f/) C (by (/xPi?)) ^i{X U t/) = (by (1)) /x([/). 

(4) ^i{U) nx = /i(X U C/) n X by (1) C ^{X) by (^Pi?) 

(5) Let U <ZA, /i(A) C H{U). So Ai(^) = UImI^) n Y : ^{Y) C [/} C fi{U) C [/ by (3). 

(6) Suppose X e /i(X), ^(r) = ^ /i(r) C so by (4) Y n Ai(^) C ^{Y), so x e fi{Y). 
□ 



karl-search= End Fact HU-1 Proof 



3.4.10 Fact HU-2 

karl-search= Start Fact HU-2 

The following Fact 13.141 (page contains the basic properties of ^ and H{U) which we will need for the 
representation construction. 



Fact 3.14 

(+++ Orig. No.: Fact HU-2 +++) 

LABEL: Fact HU-2 

Let A, [/, U', Y and all A, be in 3^. Let C) + (pPR) + (U) hold. 

(1) A - [j{A, : z e /} ^ fiiA) C [JMA,) : z e /}, 

(2) U C H{U), and U C U' ^ H{U) C 

(3) /i(c/ur)-i/((7) c^(r). 

If, in addition, (pCUM) holds, then we also have: 

(4) U CA, ^(A) C H{U) ^i{A) C U, 

(5) fi(Y) C H{U) -^Y C H{U) and n{U U F) = Ai(t^), 

(6) X e A^l?^), a: e y - ^ r 2 h(u), 

(7) y 2 i?(;7) ^ u y) ^ ij(c/). 

karl-search= End Fact HU-2 



3.4.11 Fact HU-2 Proof 

karl-search= Start Fact HU-2 Proof 

Proof 

(+++*** Orig.: Proof ) 

(1) tx{A) n A, C ^(A,) C U m(A,), so by ^(A) <ZA^[jA, ^l{A) C U m(A,). 

(2) trivial. 

(3) ii{u u y) - ((7) C(2) u y) - (7 C(^c) u y) n y cj^p^) ^(y). 

(4) This is Fact (page [Ml) (5). 

(5) Let ^(y) C H{U), then by /i(C/) C H{U) and (1) /i(C/uy) C ^(J7)U /i(y) C i7(J7), so by (4) ^(C/uy) C t/ 
and [/ U y C iJ(C/). Moreover, ^(C/ U y) C [/ C [/ U y ^(^cc/Af) ^^{U U y) = 

(6) If not, y C so ^(y) C so ^(J7 U y) = ^([/) by (5), but x £ y - ii{Y) -^(^,pr) x ^i{U \JY) = 
n{U), contradiction. 

(7) n{u u y) c ^(5) [/ u y c □ 



karl-search= End Fact HU-2 Proof 



3.4.12 Definition Gamma-x 

karl-search= Start Definition Gamma-x 

Definition 3.8 



(+++ Orig. No.: Definition Gamma-x +++) 

LABEL: Definition Gamma-x 

For xeZ, let := {n{Y): Y ey N x eY ^ KY)), nW^, and K {x e Z: 3X e y.x e 

Note that we consider here now in Wx, and not Y as in yx in Definition 13.51 (page [52]) . 

karl-search= End Definition Gamma-x 



3.4.13 Remark Gamma-x 

karl-search= Start Remark Gamma-x 

Remark 3.15 

(+++ Orig. No.: Remark Gamma-x 

LABEL: Remark Gamma-x 

Assume now C), (liPR), {^iCUM), (U) to hold. 

(1) X e A- ^ 0, 

(2) g eTx ^ ran{g) C K. 
karl-search= End Remark Gamma-x 



3.4.14 Remark Gamma-x Proof 

karl-search= Start Remark Gamma-x Proof 

Proof 

(+++*** Orig.: Proof) 

(1) We have to show that Y ey, x eY - ^(F) ^{Y) ^ 0. This was shown in Fact EH (page [Ml) (6). 

(2) By definition, fi{Y) C K for aU Y ey.U 



karl-search= End Remark Gamma-x Proof 



3.4.15 Claim Cum-Mu-f 

karl-search= Start Claim Cum-Mu-f 

The following claim is the analogue of Claim 13.51 (page [55)1 above. 



Claim 3.16 

(+++ Orig. No.: Claim Cum-Mu-f +++) 

LABEL: Claim Cum-Mu-f 

Assume now C), (fiPR), (iiCUM), (U) to hold. 
Let U ey, X e K. Then 

(1) X e fiiU) ^ X eU A3f e T^.ran{f) n C/ = 0, 

(2) X e /i(C/) X eU A3f e T^.ran{f) H H{U) = 0. 
karl-search= End Claim Cum-Mu-f 



3.4.16 Claim Cum-Mu-f Proof 

karl-search= Start Claim Cum-Mu-f Proof 

Proof 

(+++*** Orig.: Proof ) 

(1) Case 1: = 0, thus = {0}. " ^ ": Take f := $. ^ : x € U £ y, ^ 9 ^ x e ^i{U) by definition 
of W.. 

Case 2: ^ %. " ^ ": Let x G ^l{U) C U. It suffices to show Y e W^, ^ ii{Y) - H{U) ^ 0. But F e 

xeY - fi{Y) (by Fact EH (page El , (6)) Y % H{U) (by Fact [SHI (page [H , (5)) fJ^iY) % H{U). 
" ^ ": li X E U — IJ-{U), U e Wx, moreover Fj. 7^ by Remark 13.151 (page [^5]) , (1) and thus (or by the same 
argument) fi{U) 0, so V/ G F^.ran(/) DU ^9. 

(2) : The proof is verbatim the same as for (1). □ 
karl-search= End Claim Cum-Mu-f Proof 



Proof: (Prop. 6.14) 

(+++*** Orig.: Proof: (Prop. 6.14) ) 

LABEL: Section Proof: (Prop. 6.14) 

3.4.17 Construction Smooth-Base 

karl-search= Start Construction Smooth-Base 

Construction 3.3 

(+++ Orig. No.: Construction Smooth-Base +++) 

LABEL: Construction Smooth-Base 

(Construction of Z) Let X :— {< x,g >: x e K, g £ T^}, < x',g' >^< x,g > :^ x' G ran{g), 
Z :=< X,^> . 



RR 



karl-search= End Construction Smooth-Base 



3.4.18 Claim Smooth-Base 

karl-search= Start Claim Smooth-Base 

Claim 3.17 

(+-1-1- Orig. No.: Claim Smooth-Base +++) 

LABEL: Claim Smooth-Base 

yu ey.ti{u) = fiz{u) 

karl-search= End Claim Smooth-Base 



3.4.19 Claim Smooth-Base Proof 

karl-search= Start Claim Smooth-Base Proof 

Proof 

(+++*** Orig.: Proof ) 

Case 1: X ^ K. Then x ^ ^{U) and x ^ IJ-ziU). 

Case 2: X & K. By Claim EHi (page [HI) , (1) it suffices to show that iov a\\ U e y x e nz{U) ^ x € U ^ 
3/ e Vx-ran{f) n t/ = 0. Fix U ey. " ^ ": x e ^ziU) ^ ex. < x,f > minimal in X\U, thus x eU and there 
is no < x', f >^< X, f >, x' e U, x' G K. But if x' e K, then by Remark [3?T5l fpage [65)1 , (1), r^' ^ 0, so we 
find suitable /'. Thus, W e ranif).x' or x' ^ K. But ran{f) C K, so ran{f) nU = $. " ^ ": lix eU, 
f GTx s.t. ran{f) fl t/ = 0, then < a;, / > is minimal in X\U. 

□ 

karl-search= End Claim Smooth-Base Proof 



3.4.20 Construction Smooth- Admiss 

karl-search= Start Construction Smooth-Admiss 

We now construct the refined structure Z' . 
Construction 3.4 

(+++ Orig. No.: Construction Smooth-Admiss +++) 



R'7 



LABEL: Construction Smooth-Admiss 

(Construction of Z') 

a is called a;— admissible sequence iff 

1. (7 is a sequence of length < lj, cr = {cr,; : i G lo}^ 

2. ao e TIMY)- Y ey A X eY - ^l{Y)}, 

3. CTj+i e U{fi{X): X ey A X e fi{X) a ran{a,) n X ^ 0}. 

By 2., (To minimizes x, and by 3., if x G fJ'{X), and ran{ai) d X ^ i.e. we have destroyed minimality of x in 
X, X will be above some y minimal in X to preserve smoothness. 

Let be the set of x— admissible sequences, for cr G let ''o^ := \^{ran{ui) : i G w}. Note that by the 
argument in the proof of Remark 13.151 fpagelSS]) , (1), E^: 7^ 9, if x G A'. 

Let A" {< x, cr >: x e K A a e E^} and < a;',cr' >-<'< x, cr > :^ x' G '"a^. Finally, let Z' :=< X',-<'>, 
and /i' := /i^'- 

It is now easy to show that Z' represents /i, and that Z' is smooth. For x G fJ-iU), we construct a special 
X— admissible sequence cr^'^ using the properties of H{U). 

karl-search= End Construction Smooth-Admiss 



3.4.21 Claim Smooth- Admiss-1 

karl-search= Start Claim Smooth-Admiss- 1 

Claim 3.18 

(+++ Grig. No.: Claim Smooth-Admiss- 1 +++) 

LABEL: Claim Smooth-Admiss- 1 

For a\\U ey n{U) = ^iz{U) ^ ^l'{U). 
karl-search= End Claim Smooth-Admiss-1 



3.4.22 Claim Smooth-Admiss-1 Proof 

karl-search= Start Claim Smooth-Admiss- 1 Proof 

Proof 

(+++*** Orig.: Proof ) 

li X ^ K, then x ^ fJ^ziU), and x ^ IJ-'{U) for any U. So assume x G -ftT. If x G [/ and x ^ iJ-ziU), then for 
ah < x,f >e X, there is < x',/' >G X with < x',/' >« x, / > and x' G U. Let now < x,cr >G A", then 

< x,CTo >e and let < x',/' >^< x,ao > in Z with x' G U. As x' G AT, T.^- ^ 0, let cr' G T.^'- Then 

< x', cr' >-<'< X, cr > in 2^'. Thus x ^ /x'(C^)- Thus, for all C/ G 3^, /i'(C/) C ^z{U) = /i(C/). 

It remains to show x G ^ x G f^'{U). 



Assume x G fJ-{U) (so x e K), U G y, we will construct minimal a, i.e. show that there is a^'^ £ J^x s.t. 
^x,u ^jj _ 0^ -yy^g construct this a^'^ inductively, with the stronger property that ran{a'l'^ ) n H{U) — for all 

gg'^ : X g /i(C/), X G F-mC^) Ky)-H{U) ^ by Fact[331(page[Ml) , (6) + (5). Let a^'^ G n{^(F) -i?([7) : 
y G 3^, x G y - fJ.(Y)}, so mn(CTo'^) n = 0. 

crf^^ crj'+i : By induction hypothesis, ran{a'^'^)nH{U) = 0. Let X G 3^ be s.t. x G ^i{X), ran{a^'^)nX ^ 0. 
Thus X % H{U), so ti{U UX) - H{U) 7^ by Fact [SH (page [6l , (7). Let a^f^ G n{^([/ [J X) ~ H{U) : 
X ey, X e Ai(^), ran(CTf'^) n X ^ 0}, so ran(crf4.'^) n H{U) = 0. As /i([/ U X) - H{U) C ^(X) by Fact EH 
fpage IM)) , (3), the construction satisfies the a;— admissibility condition. □ 

karl-search= End Claim Smooth- Admiss-1 Proof 



3.4.23 Claim Smooth- Admiss-2 

karl-search= Start Claim Smooth-Admiss-2 

We now show: 
Claim 3.19 

(+++ Orig. No.: Claim Smooth-Admiss-2 +++) 

LABEL: Claim Smooth-Admiss-2 

Z' is 3^— smooth. 

karl-search= End Claim Smooth-Admiss-2 



3.4.24 Claim Smooth-Admiss-2 Proof 

karl-search= Start Claim Smootli-Admiss-2 Proof 

Proof 

(+++*** Orig.: Proof ) 
Let X ey, < x,a >e X'\X. 

Case 1, a; G X - ^i{X) : Then mn(CTo) n ^i{X) ^ 0, let x' G ran{aQ) ("1 ^i{X). Moreover, ^jl{X) C K. Then for all 

< x', a' >G X' < x' , a' >^< x,<t > . But < x' , > as constructed in the proof of Claim [5TT51 (page is 
minimal in X' \X. 

Case 2, a; G l^{X) ~ iiz{X) = fJ.'{X) : li < x,a > is minimal in X'\X, we are done. So suppose there is 

< x',(j' >^< x,(T >, x' G X. Thus x' G . Let x' G ran{ai). So x G m(X) and ran{ui) n X / 0. But 
CTi+i G n{^(X'): A' G 3^ A a; G tJL{X') A ran{a,) HA' / 0}, so X is one of the A', moreover ^(A) C K, so 
there is x" G /Lt(A) n ran((Ti+i) n K, so for all < x" , a" >G A" < x" , a" >^< x,a > . But again < x" , cr^"'^ > 
as constructed in the proof of Claim 13.181 (page [68|) is minimal in X' \X. 

□ 



an 



karl-search= End Claim Sniooth-Admiss-2 Proof 



karl-search= End Proposition Smooth-Complete Proof 



3.4.25 Proposition Smooth-Complete- Trans 

karl-search= Start Proposition Smooth-Complete- Trans 

Proposition 3.20 

(+++ Orig. No.: Proposition Smooth-Complete- Trans +++) 

LABEL: Proposition Smooth-Complctc-Trans 

Let ^J. : y ^ViU) satisfy (fJ-C), ifJ-PR), and (fxCUM), and tlie domain y (U). 

Ttien tliere is a transitive 3^— smootli preferential structure X s.t. /i = fix- See e.g. [Sch04| . 

karl-searcli= End Proposition Smooth-Complete- Trans 



3.4.26 Proposition Smooth-Complete- Trans Proof 

karl-search= Start Proposition Smooth-Complete- Trans Proof 

Proof 

Orig.: Proof ) 

3.4.27 Discussion Smooth- Trans 

karl-search= Start Discussion Smooth- Trans 

3.4.27.1 Discussion Smooth- Trans 

(+++*** Orig.: Discussion Smooth- Trans ) 

LABEL: Section Discussion Smooth-Trans 

In a certain way, it is not surprising that transitivity does not impose stronger conditions in the smooth case 
either. Smoothness is itself a weak kind of transitivity: If an element is not minimal, then there is a minimal 
element below it, i.e., x )~ y with y not minimal is possible, there is z' -< y, but then there is z minimal with 
X >- z. This is "almost" a; >- z', transitivity. 

To obtain representation, we will combine here the ideas of the smooth, but not necessarily transitive case with 
those of the general transitive case - as the reader will have suspected. Thus, we will index again with trees, 
and work with (suitably adapted) admissible sequences for the construction of the trees. In the construction 
of the admissible sequences, we were careful to repair all damage done in previous steps. We have to add now 
reparation of all damage done by using transitivity, i.e., the transitivity of the relation might destroy minimality, 
and we have to construct minimal elements below all elements for which we thus destroyed minimality. Both 
cases are combined by considering immediately all Y s.t. x €Y — H{U). Of course, the properties described in 
Fact 13.1^ (pagelMj) play again a central role. 

The (somewhat complicated) construction will be commented on in more detail below. 

Note that even beyond Fact l3.1^ fpage lM)) , closure of the domain under finite unions is used in the construction 
of the trees. This - or something like it - is necessary, as we have to respect the hulls of all elements treated 
so far (the predecessors), and not only of the first element, because of transitivity. For the same reason, we 
need more bookkeeping, to annotate all the hulls (or the union of the respective U's) of all predecessors to be 
respected. 

To summarize: we combine the ideas from the transitive general case and the simple smooth case, using the 
crucial Fact 13.141 (page [M]) to show that the construction goes through. The construction leaves still some 
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freedom, and modifications are possible as indicated below in the course of the proof. 

Recall that y will be closed under finite unions in this section, and let again jj, : y ^ ^(^)- 

We have to adapt Construction 13.41 (page [55]) (x-admissible sequences) to the transitive situation, and to our 
construction with trees. If < 0,x > is the root, o-q G Il{^{Y) : x € Y — IJ.{Y)} determines some children of the 
root. To preserve smoothness, we have to compensate and add other children by the fJi+i : CTj+i € Il{fi{X) : 
X € fJ-iX), raniui) C\ X ^ 0}. On the other hand, we have to pursue the same construction for the children so 
constructed. Moreover, these indirect children have to be added to those children of the root, which have to be 
compensated (as the first children are compensated by cti) to preserve smoothness. Thus, we build the tree in 
a simultaneous vertical and horizontal induction. 

This construction can be simplified, by considering immediately all F G 3^ s.t. x dY <^ H{U) - independent 
of whether x ^ m(^) done in tJo), or whether x G /i(i^), and some child y constructed before is in Y (as 
done in the (Ti+i), or whether x S ^l(Y), and some indirect child y of a; is in (to take care of transitivity, as 
indicated above). We make this simplified construction. 

There are two ways to proceed. First, we can take as <* in the trees the transitive closure of <\. Second, we can 
deviate from the idea that children are chosen by selection functions /, and take nonempty subsets of elements 
instead, making more elements children than in the first case. We take the first alternative, as it is more in the 
spirit of the construction. 

We will suppose for simplicity that Z = K - the general case in easy to obtain, but complicates the picture. 

For each x G Z, we construct trees t^^ which will be used to index different copies of x, and control the relation 
-< . 

These trees will have the following form: 

(a) the root of i is < 0, a; > or < [/, a; > with U E y and x G IJ.{U), 

(b) all other nodes are pairs < Y,y >, Y E y, y E 

(c) ht{t) < uj, 

(d) if < y, y > is an element in t^;, then there is some y{y) C {W e y : y e W}, and / G U{fi{W) : W G yiy)} 
s.t. the set of children of <Y,y > is {<Y UW, f{W) >: W € yiy)}. 

The first coordinate is used for bookkeeping when constructing children, in particular for condition (d). 
The relation ~< will essentially be determined by the subtree relation. 

We first construct the trees for those sets U where x G fJ.{U), and then take care of the others. In the 
construction for the minimal elements, at each level n > 0, we may have several ways to choose a selection 
function /„, and each such choice leads to the construction of a different tree - we construct all these trees. (We 
could also construct only one tree, but then the choice would have to be made coherently for different x, U. It 
is simpler to construct more trees than necessary.) 

We control the relation by indexing with trees, just as it was done in the not necessarily smooth case before. 
karl-search= End Discussion Smooth- Trans 



3.4.28 Definition Tree-TC 

karl-search= Start Definition Tree-TC 

Definition 3.9 

(+++ Orig. No.: Definition Tree-TC 4-I-+) 

LABEL: Definition Trcc-TC 

If < is a tree with root < a,b >, then t/c will be the same tree, only with the root < c,b > . 
karl-search= End Definition Tree-TC 
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3.4.29 Construction Smooth- Tree 

karl-search= Start Construction Smooth- Tree 

Construction 3.5 

(+++ Orig. No.: Construction Smooth- Tree +++) 

LABEL: Construction Smooth-Tree 

(A) The set of trees t for fixed x: 

(1) Construction of the set T/i^, of trees for those sets [/ G 3^, where x G /i(C^) : 

Let U E y , X E fJ'iU). The trees tu_x G Tfj.^ are constructed inductively, observing simultaneously: 
If < Un+i,Xn+i > is a child of < J7„,2:„ >, then (a) x^+i G /^(C/„+i) - H{Un), and (b) Un C Un+i- 
Set Uq := U, := x. 
Level 0: < J/qj a^o > • 

Level n n+\: Let < Un,Xn > be in level n. Suppose Yn+i G 3^, a;„ G i^n+i, and 2 H{Un)- Note that 

M(t/„ur„+i)-i7(C/„) ^ 0by Fact[3Il(page[Ml) , (7), and /i({/„ UK„+i) - i/(t/„) C M(i^„+i) by Fact EH (page 
Ml , (3). Choose /„+i G n{^(t/„ U r„+i) - iJ([/„) : r„+i G 3^, x„ G 2 iJ(C/„)} (for the construction of 

this tree, at this element), and let the set of children of < C/„, x„ > be {< C/„ U Yn+i, /„+i(y„+i) >: Yn+i G y, 
Xn G Yn+i % H{Un)}- (If there is no such F„+i, < C/„, a;„ > has no children.) Obviously, (a) and (b) hold. 

We call such trees U, a;— trees. 

(2) Construction of the set of trees for the nonminimal elements. Let x £ Z. Construct the tree t^; as follows 
(here, one tree per x suffices for all U): 

Level 0: < 0,x > 

Level 1: Choose arbitrary / G Il{fi{U) : x e U e y}. Note that [/ ^ ^ n{U) 7^ by Z = if (by Remark 
(pageEHl) : (I))- Let {< U, f{U) >: x G [/ G J^} be the set of children of < 0,a; > . This assures that the 
element will be nonminimal. 

Level > 1: Let < U, f{U) > be an element of level 1, as f{U) G fJ.{U), there is a tuj^jj) G Tfif(uy Graft one of 
these trees tjjji^ij^ G T^f(jj) at < U, f{U) > on the level 1. This assures that a minimal element will be below 
it to guarantee smoothness. 

Finally, let r,:=r/i,UT^. 

(B) The relation <] between trees: For x,y ^ Z, t E Tx, t' E Ty, set t [> t' iS for some Y < Y,y > is a child of 
the root < X,x > in t, and t' is the subtree of t beginning at this < Y,y > . 

(C) The structure Z: Let Z := < {< x, tj. >: x e Z, tj. G T^}, < x, »~< y, t.y > iff \>* ty > . 
karl-search= End Construction Smooth- Tree 



3.4.30 Fact Smooth- Tree 

karl-search= Start Fact Smooth- Tree 

The rest of the proof are simple observations. 
Fact 3.21 
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(+++ Orig. No.: Fact Smooth- Tree +++) 

LABEL: Fact Smooth-Tree 

(1) If tu -^ is an U, a;— tree, < [/„, > an element of tij ^. , < Xm > a direct or indirect child of < J7„, x„ >, 
then x„i ^ H{Un)- 

(2) Let < Yn, Un > be an element in tu^x G Tfi^, t' the subtree starting at < y„, ?;„ >, then t' is a y„, y„ — iree. 

(3) -< is free from cycles. 

(4) If tjj^x is an C/, tree, then < x,tu_x > is ^ —minimal in Z\U. 

(5) No < X, tx >, tx e is minimal in any Z\U, U e y. 

(6) Smoothness is respected for the elements of the form < x, tu ^ > ■ 

(7) Smoothness is respected for the elements of the form < x,tx > with tx ^Tx. 

(8) M = iiz- 

karl-search= End Fact Smooth- Tree 



3.4.31 Fact Smooth- Tree Proof 

karl-search= Start Fact Smooth- Tree Proof 

Proof 

(+++*** Orig.: Proof ) 

(1) trivial by (a) and (b). 

(2) trivial by (a). 

(3) Note that no < x,tx > tx € Tx can be smaller than any other element (smaller elements require C/ ^ 
at the root). So no cycle involves any such < x,tx > ■ Consider now < x,tij^x >, tu,x G T^,x. For any 
< y,tv,y >« x,tu,x >, y ^ H{U) by (1), but x e ^{U) C H{U), so x ^ y. 

(4) This is trivial by (1). 

(5) Let X £ U E y, then / as used in the construction of level 1 of tx chooses y G n{U) ^ 0, and some < y, tu^y > 
is in Z\U and below < x,tx > ■ 

(6) Let X E A E y, we have to show that either < x,tij^x > is minimal in Z\A, or that there is < y,ty >-<< 
x,tu,x > minimal in Z\A. Case 1, A C H{U): Then < x,tij,x > is minimal in Z\A, again by (1). Case 2, 
A % H{U): Then A is one of the Yi considered for level 1. So there is < C/ U A, fi{A) > in level 1 with 
fiiA) e iJ^iA) C A by Fact ElKpage Ell) , (3). But note that by (1) all elements below < UU AJi{A) > 
avoid H{U U A). Let t be the subtree of tu,x beginning at < C/ U A, fi{A) >, then by (2) t is one of the 
UUA, fi{A) - trees, and < fi{A),t > is minimal in Z\U LI A hy (4), so in Z\A, and < fi{A),t >^< x,tu,x > ■ 

(7) Let X E A <E y, < x,tx >, tx E T^, and consider the subtree t beginning at < A, f{A) >, then t is one of 
the A, /(74)-trees, and < f{A), t > is minimal in Z\A by (4). 

(8) Let X G f^{U). Then any < x,tu^x > is ^ —minimal in Z\U by (4), so a; S fiz{U). Conversely, let 
X G U — fJ'iU). By (5), no < x,tx > is minimal in U. Consider now some < x,tv,x >S Z, so x G fJ-iV). As 
X £ U — m(C^); U % H{V) by Fact 13.141 fpage [64)) , (6). Thus U was considered in the construction of level 1 of 
tv.x- Let t be the subtree of tv,x beginning at <VUU, fi{U) >, by fi{V UU)- H{V) C ^([/) fFact [XTil (page 
m , (3)), h{U) e m(C/) C U, and < h{U),t>« x,tv,x > ■ 

□ 
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karl-search= End Fact Smooth- Tree Proof 

karl-search= End Proposition Smooth-Complete- Trans Proof 



3.4.32 Proposition No-Norm 

karl-search= Start Proposition No-Norm 

Proposition 3.22 

(+++ Orig. No.: Proposition No-Norm +++) 

LABEL: Proposition No-Norm 

We call a characterization "normal" iff it is a universally quantified boolean combination (of any fixed, but 
perhaps infinite, length) of rules of the usual form. (We do not go into details here.) 

(1) There is no "normal" characterization of any fixed size of not necessarily definability preserving preferential 
structures. 

(2) There is no "normal" characterization of any fixed size of not necessarily definability preserving ranked 
preferential structures. 

See [SdlOi) . 

karl-search= End Proposition No-Norm 
karl-search= End ToolBasef-Pref-ReprSmooth 
karl-search= End ToolBasef-Pref 
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4 Ranked structures 



4.0.33 ToolBasel-Rank 

karl-search= Start ToolBasel-Rank 

LABEL: Section Toolbasel-Rank 

4.1 Ranked: Basics 
4.1.1 Fact Rank- Trans 

karl-search= Start Fact Rank-Trans 

Fact 4.1 

(+++ Orig. No.: Fact Rank- Trans +++) 

LABEL: Fact Rank- Trans 

If -< on X is ranked, and free of cycles, then -< is transitive. 
karl-search= End Fact Rank- Trans 



4.1.2 Fact Rank- Trans Proof 

karl-search= Start Fact Rank-Trans Proof 

Proof 

(+++*** Orig.: Proof) 

Let X ^ y ^ z. It X-Lz, then y >- z, resulting in a cycle of length 2. If 2 x, then we have a cycle of length 3. 
So a; -< 2;. □ 



karl-search= End Fact Rank- Trans Proof 



4.1.3 Fact Rank-Auxil 

karl-search= Start Fact Rank-Auxil 

Fact 4.2 

(+-I-+ Orig. No.: Fact Rank-Auxil +++) 

LABEL: Fact Rank-Auxil 

M{T) - M{T') is normally not definable. 

In the presence of {^i and C), f {Y) f] {X - f {X)) 7^ is equivalent to f{Y)r\X ^ and f{Y)C\f{X) = 0. 
karl-search= End Fact Rank-Auxil 
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4.1.4 Fact Rank-Auxil Proof 

karl-search= Start Fact Rank-Auxil Proof 

Proof 

(+++*** Orig.: Proof) 

fiY) n{x- f{x)) = {f{Y) nx)- ifiY) n f{x)). 

" ^ ": Let fiY) n X 7^ 0, f{Y) n /(X) = 0, so /(F) n (X - f{X)) ^ 0. 

Suppose /(y)n(x-/(x)) ^ 0,so/(y)nx 7^ 0. Suppose /(r)n/(x) ^ 0, soby (/x c) /(y)nxnr 7^ 0, 

so by in =) f{Y) n X n y = /(X n F), and /(X) n X n F 7^ 0, so by (/i =) f{X) n X n F = /(X n F), so 
/(X) n F = /(F) n X and /(F) n (X - /(X)) = 0. 

□ 



karl-search= End Fact Rank-Auxil Proof 



4.1.5 Remark RatM= 

karl-search= Start Remark RatM= 

Remark 4.3 

(+++ Orig. No.: Remark RatM= +++) 

LABEL: Remark RatM= 

Note that [ji =') is very close to [RatM) : (RatM) says: a \^ l3, a -.7 a A 7 f~ /3. Or, f{A) C B, 
f{A) n C 7^ ^ ,f{A r\C)CB for all A, B, C. This is not quite, but almost: f{A n C) C f{A) n C (it depends 
how many B there arc, if f{A) is some such B, the fit is perfect). 

karl-search= End Remark RatM= 



4.1.6 Fact Rank-Hold 

karl-search= Start Fact Rank-Hold 

Fact 4.4 

(+++ Orig. No.: Fact Rank-Hold +++) 

LABEL: Fact Rank-Hold 

In all ranked structures, {ji C), (/x =), [jiPR), [ji ='), (/x ||), (/xU), (/xU'), (/x e), {jiRatM) will hold, if the 
corresponding closure conditions are satisfied. 



karl-search= End Fact Rank- Hold 



4.1.7 Fact Rank-Hold Proof 

karl-search= Start Fact Rank-Hold Proof 

Proof 

(+++*** Orig.: Proof) 

{fi C) and ifiPR) hold in all preferential structures, 
(/i and (/i =') are trivial. 

(/xU) and (/xU') : All minimal copies of elements in f{Y) have the same rank. If some y G /{Y) has all its 
minimal copies killed by an element x € X,hy rankedness, x kills the rest, too. 

(/i g) : If /({a}) = 0, we are done. Take the minimal copies of a in {a}, they are all killed by one element in X. 

(/i II) : Case f{X) = : If below every copy oi y € Y there is a copy of some x G X, then f{X U y) = 0. 
Otherwise f{X U F) = f{Y). Suppose now f{X) ^ 0, f{Y) ^ 0, then the minimal ranks decide: if they are 
equal, /(X UY) = f{X) U f{Y), etc. 

{liRatM) : Let X CY, y G X (1 f{Y) 7^ 0, a; G f{X). By rankedness, y ^ a;, or y^-X, y < x \s impossible, as 
y G X, so yJ-X, and x G f{Y). 

□ 

karl-search= End Fact Rank- Hold Proof 
karl-search= End ToolBasel-Rank-Base 



4.2 Ranked: Representation 

4.2.1 ToolBasel-Rank-Repr 

karl-search= Start ToolBasel-Rank-Repr 

LABEL: Section Toolbascl-Rank-Rcpr 

4.2.1.1 (1) Results for structures without copies 

(+++*** Orig.: (1) Results for structures without copies ) 

LABEL: Section (1) Results for structures without copies 

4.2.2 Proposition Rank-Repl 

karl-search= Start Proposition Rank-Repl 

Proposition 4.5 

(+++ Orig. No.: Proposition Rank-Repl +++) 

LABEL: Proposition Rank-Repl 

The first result applies for structures without copies of elements. 

(1) Let y C VlU) be closed under finite unions. Then (/i C), (/i0), {fi =) characterize ranked structures for 
which for all X E y X ^ 9 ^ fi^{X) ^ hold, i.e. (/i C), (/i0), (/i =) hold in such structures for /i<, and if 
they hold for some /z, we can find a ranked relation < on [/ s.t. /i — /i<. Moreover, the structure can be choosen 
3^— smooth. 

(2) Let y C 7'(C/) be closed under finite unions, and contain singletons. Then (/i C), (/i0/m), (/i —\ (/i g) 
characterize ranked structures for which for all finite X <E y X ^ % ^ /i<(X) ^ hold, i.e. (/i C), (fiidfin), 
(iJ, —), (/i s) hold in such structures for /i<, and if they hold for some fi, we can find a ranked relation < on U 
s.t. fj, — /i<. 

Note that the prerequisites of (2) hold in particular in the case of ranked structures without copies, where all 
elements of U are present in the structure - we need infinite descending chains to have i.i{X) = for X 7^ 0. 

See |Sch04j . 

karl-search= End Proposition Rank-Repl 



4.2.2.1 (2) Results for structures possibly with copies 

(-1-++*** Grig.: (2) Results for structures possibly with copies ) 

LABEL: Section (2) Results for structures possibly with copies 

4.2.3 Definition 1-infin 

karl-search= Start Definition 1-infin 

Definition 4.1 

(-1— l-l- Orig. No.: Definition 1-infin -I— 

LABEL: Definition 1-infin 



Let Z =< X,^> be a preferential structure. Call Z 1 — oo over Z, iff for all x e Z there are exactly one or 
infinitely many copies of x, i.e. ioi all x G Z {u G X : u =< x,i > for some i} has cardinality 1 or > w. 

karl-search= End Definition 1-infin 



4.2.4 Lemma 1-infin 

karl-search= Start Lemma 1-infin 

Lemma 4.6 

(+++ Orig. No.: Lemma 1-infin +++) 

LABEL: Lemma 1-infin 

Let Z =< X, ^> be a preferential structure and f : y ^ T^i^) with y C V{Z) be represented by Z, i.e. for 
X Gy f{X) = iJ.z{X), and Z be ranked and free of cycles. Then there is a structure Z', 1 — cxd over Z, ranked 
and free of cycles, which also represents /. 

karl-search= End Lemma 1-infin 



4.2.5 Lemma 1-infin Proof 

lcarl-search= Start Lemma 1-infin Proof 

Proof 

(+++*** Orig.: Proof) 

We construct Z' =< X',-<'> . 

Let A := {x & Z: there is some < x,i >G X, but for all < x,i >& X there is < x,j >£ X with < x,j >^< 
x,i >}, 

let B := {x £ Z: there is some < x,i >G X, s.t. for no < x,j >G X < x,j >~« x,i >}, 
let C := {x € Z: there is no < x,i >G X}. 

Let Ci : i < K be an enumeration of C. We introduce for each such c, lo many copies < Ci,n >: n < lu into X' , 
put all < Ci,n > above all elements in X, and order the < Ci,n > by < Cj,n >^'< Ci',n' > :<-^ {i = i' and 
n > n') or i > i'. Thus, all < Ci,n > are comparable. 

If a € A, then there are infinitely many copies of a in X, as X was cycle-free, we put them all into X' . If b € B, 
we choose exactly one such minimal element < b,m > (i.e. there is no < 6, n >-<< b,m >) into X', and omit 
all other elements. (For definiteness, assume in all applications m = 0.) For all elements from A and B, we take 
the restriction of the order -< of X. This is the new structure Z'. 

Obviously, adding the < Ci,n> docs not introduce cycles, irrcflcxivity and rankcdncss arc preserved. Moreover, 
any substructure of a cycle-free, irreflexive, ranked structure also has these properties, so Z' is 1 — oo over Z, 
ranked and free of cycles. 

We show that Z and Z' are equivalent. Let then X C Z,we have to prove /x(X) = n'{X) (/x := fjbz, \j! ■= fJ-z')- 

Let z G X — ijl{X). liz & C ov z €: a, then z ^ ^i'{X). U z € B, let < z, m > be the chosen element. As z ^ l^{X), 

there is a; G X s.t. some < x,j >^< z,m > . x cannot be in C. If x G A, then also < x^j >-<'< z,m >. If 
X G B, then there is some < x,k > also in X' . < x,j >-« x,k > is impossible. If < a;. A: >-<< x,j >, then 
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< z, m >)^< x,k > hy transitivity. If < a;, A: > ± < a;, j >, then also < z,m >>-< x,k > hy rankedness. In any 
case, < z,m >y'< x.k >, and thus z ^ l-i-'{X). 

Let z & X — fi'{X). E z & C 01 z € A, then z ^ fJ-iX). Let z £ B, and some < x,j >-<'< z,m > . x cannot be 
in C, as they were sorted on top, so < x, j > exists in X too and < x,j >^< z,m > . But if any other < z,i > 
is also minimal in Z among the < z,k >, then by rankedness also < x,j >^< z,i >, as < z,i > J- < z,m >, 
so z ^ fi{X). □ 

karl-search= End Lemma 1-infin Proof 



4.2.6 Fact Rank-No- Rep 

karl-search= Start Fact Rank- No- Rep 

Fact 4.7 

(+++ Orig. No.: Fact Rank-No- Rep +++) 

LABEL: Fact Rank-No-Rcp 

^) + (m-P-R) + (m —) + (mU) + {^1 g) do not imply representation by a ranked structure. 
karl-search= End Fact Rank-No-Rep 



4.2.7 Fact Rank-No- Rep Proof 

karl-search= Start Fact Rank-No-Rep Proof 

Proof 

(+++*** Orig.: Proof ) 

See Example liH (page [5^ . □ 

karl-search= End Fact Rank-No-Rep Proof 



4.2.8 Example Rank-Copies 

karl-search= Start Example Rank- Copies 

Example 4.1 
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(+++ Orig. No.: Example Rank-Copies +++) 

LABEL: Example Rank-Copies 

This example shows that the conditions (/i C) + (fiPR) + (p =) + (/iU) + (/i g) can be satisfied, and still 
representation by a ranked structure is impossible. 

Consider /i({a,6}) = 0, ^({a}) = {a}, ^({6}) = {b}. The conditions C) + i^J.PR) + (/i =) + (/iU) + {fi g) 
hold trivially. This is representable, e.g. by ai >r 61 ^ 02 ^ 62 ■ ■ • without transitivity. (Note that rankedness 
implies transitivity, a ^ 6 ^ c, but not for a = c.) But this cannot be represented by a ranked structure: As 
li{{a}) 0, there must be a copy Ui of minimal rank, likewise for b and some hi. If they have the same rank, 
/Lt({a,6}) = {a, 6}, otherwise it will be {a} or {b}. 

□ 



karl-search= End Example Rank-Copies 



4.2.9 Proposition Rank-Rep2 

karl-search= Start Proposition Rank-Rep2 

Proposition 4.8 

(+++ Orig. No.: Proposition Rank-Rep2 

LABEL: Proposition Rank-Rep2 

Let y be closed under finite unions and contain singletons. Then (/x C) + (fJ-PR) + {fJ- ||) + + {fi g) 
characterize ranked structures, where elements may appear in several copies. 

See |Sch04| . 

karl-search= End Proposition Rank-Rep2 



karl-search=: End ToolBasel-Rank-Repr 



karl-search= End ToolBasel-Rank 



4.2.10 Proposition Rank-Rep3 

karl-search= Start Proposition Rank-Rep3 

Proposition 4.9 
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(+++ Orig. No.: Proposition Rank-Rep3 +++) 



LABEL: Proposition Rank-Rcp3 

Let y C V{U) be closed under finite unions. Then (/i C), (/x0), (/i =) characterize ranked structures for which 
for all X E y X ^ ^ /i<(X) ^ hold, i.e. (/i C), (/z0), (/i =) hold in such structures for /i<, and if they 
hold for some /i, we can find a ranked relation < on U s.t. /i — fj,^. Moreover, the structure can be choosen 
3^— smooth. 

karl-search=: End Proposition Rank-Rep3 



4.2.11 Proposition Rank-Rep3 Proof 

karl-search= Start Proposition Rank-Rep3 Proof 

Proof 

(+++*** Orig.: Proof ) 
Completeness: 

Note that by Fact [2J] (page [H]) (3) + (4) ||), (/iU), (^iU') hold. 

Define aRb iff 3A e y{a € n{A), b E A) oi a — b. R is reflexive and transitive: Suppose aRb, bRc, let a e /^(A), 
b&A,be fi{B), ce B.We show a e ^i{A U B). By {fi ||) a e fi{A U B) or b e fi{A U B). Suppose b e iJ,{A U B), 
then ^i{A U S) n A 7^ 0, so by ^(A U B) n ^4 = so a e ^(A U B). 

Moreover, a G /^(A), b e A ~ fi{A) -^{bRa) : Suppose there is B s.t. b G ^J.iB), a e B. Then by (^U) 
fj.{A U B) n B = 9, and by (/iU') fi{A U B) = but a G /^(A) n B, contradiction. 

Let by Lemma ll. II fpagell3 p 5 be a total, transitive, reflexive relation on U which extends R s.t. xSy,ySx —> 
xRy (recall that R is transitive and reflexive). Define a < 5 iff aSb, but not bSa. If al.b (i.e. neither a < b nor 
b < a), then, by totality of S, aSb and bSa. < is ranked: If c < a_L6, then by transitivity of S cSb, but if bSc, 
then again by transitivity of S aSc. Similarly for c > aJ-b. 

< represents /i and is 3^— smooth: Let a E A — f^{A). By (/i0), 3b G /i(^), so bRa, but (by above argument) 
not aRb, so bSa, but not aSb, so 6 < a, so a G ^4 — y^<(A), and, as b will then be < —minimal (see the next 
sentence), < is smooth. Let a G ^J.{A), then for all a' G A aRa', so aSa', so there is no a' G A a' < a, so 
a G tJ-<{A). 

□ 



karl-search= End Proposition Rank-Rep3 Proof 



5 Theory revision 

5.0.12 ToolBasel-TR 

karl-search= Start ToolBasel-TR 

LABEL: Section Toolbascl-TR 

5.1 AGM revision 

5.1.1 ToolBasel-TR-AGM 

karl-search= Start ToolBasel-TR- AGM 

LABEL: Section Toolbascl-TR-AGM LABEL: Section AGM-rovision 

All material in this Section 15.1.11 (page [84|) is due verbatim or in essence to AGM - AGM for Alchourron, 
Gardenfors, Makinson, see e.g. [AGM85j . 

5.1.2 Definition AGM 

karl-search= Start Definition AGM 

Definition 5.1 

(+++ Orig. No.: Definition AGM +++) 

LABEL: Definition AGM 

We present in parallel the logical and the semantic (or purely algebraic) side. For the latter, we work in some 
fixed universe U, and the intuition is U = Mc, X = M{K), etc., so, e.g. A ^ K becomes X C B, etc. 

(For reasons of readability, we omit most caveats about definability.) 

K± will denote the inconsistent theory. 

We consider two functions, - and *, taking a deductively closed theory and a formula as arguments, and returning 
a (deductively closed) theory on the logics side. The algebraic counterparts work on definable model sets. It is 
obvious that {K — 1), {K * 1), {K — 6), {K * 6) have vacuously true counterparts on the semantical side. Note 
that K (X) will never change, everything is relative to fixed K {X). K * (j) is the result of revising K with 0. 
K — (j) is the result of subtracting enough from K to be able to add -i0 in a reasonable way, called contraction. 

Moreover, let <k be a relation on the formulas relative to a deductively closed theory K on the formulas of 
C, and <x a relation on V{U) or a suitable subset of ViU) relative to fixed X. When the context is clear, we 
simply write < . <k i^x) is called a relation of epistemic entrenchment for K (X). 

The following table presents the "rationality postulates" for contraction (-), revision (*) and epistemic entrench- 
ment. In AGM tradition, K will be a deductively closed theory, 0, formulas. Accordingly, X will be the set 
of models of a theory. A, B the model sets of formulas. 

In the further development, formulas (p etc. may sometimes also be full theories. As the transcription to this 
case is evident, we will not go into details. 
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karl-search= End Definition AGM 



5.1.3 Remark TR-Rank 

karl-search= Start Remark TR-Rank 

Remark 5.1 

(+++ Orig. No.: Remark TR-Rank +++) 

LABEL: Remark TR-Rank 

(1) Note that {X | 7) and (X | 8) express a central condition for ranked structures, see Section 3.10: If we note 

X I . by we then have: fxiA) n B ^ ^ fx{A n B) = fx{A) n B. 

(2) It is trivial to see that AGM revision cannot be defined by an individual distance (see Definition 2.3.5 
below): Suppose X \ Y := {y : 3xy G A(Vy' £ Y.d{xy,y) < d{xy,y'j)}. Consider a,b,c. {a,b} \ {b,c} = {b} 
by {X I 3) and {X \ 4), so d{a,b) < d{a,c). But on the other hand {a, c} | {6, c} = {c}, so d{a,b) > d{a,c), 



contradiction. 

karl-search= End Remark TR-Rank 



5.1.4 Proposition AGM-Equiv 

karl-search= Start Proposition AGM-Equiv 

Proposition 5.2 

(+++ Orig. No.: Proposition AGM-Equiv +++) 

LABEL: Proposition AGM-Equiv 

Contraction, revision, and epistemic entrenchment are interdefinable by the fohowing equations, i.e., if the 
defining side has the respective properties, so will the defined side. 
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\ xe(AnB)<iA 



karl-search= End Proposition AGM-Equiv 



5.1.5 Intuit-Entrench 

karl-search= Start Intuit-Entrench 

The idea of epistemic entrenchment is that (j) is more entrenched than ij) (relative to K) iff M(-i^) is closer to 
M{K) than M(-i0) is to M{K). In shorthand, the more we can twiggle K without reaching -k/), the more (f) is 
entrenched. Truth is maximally entrenched - no twiggling whatever will reach falsity. The more (f) is entrenched, 
the more we are certain about it. Seen this way, the properties of epistemic entrenchment relations are very 
natural (and trivial): As only the closest points of M(-i0) count (seen from M{K)), (p oi tp will be as entrenched 
as (/) A f/', and there is a logically strongest ^' which is as entrenched as ^ - this is just the sphere around M{K) 
with radius d{M{K), M(^(j))). 

karl-search= End Intuit-Entrench 



karl-search= End ToolBasel-TR-AGM 



5.2 Distance based revision: Basics 

5.2.1 ToolBasel-TR-DistBase 

karl-search= Start ToolBasel-TR-DistBase 

LABEL: Section Toolbasel-TR-DistBase 

5.2.2 Definition Distance 

karl-search= Start Definition Distance 

Definition 5.2 

(+++ Orig. No.: Definition Distance +++) 

LABEL: Definition Distance 

d : U X U ^ Z is called a pseudo-distance on U iff (dl) holds: 
(dl) Z is totally ordered by a relation < . 

If, in addition, Z has a < —smallest element 0, and (d2) holds, we say that d respects identity: 
(d2) d{a, fo) = iff a = 6. 

If, in addition, (d3) holds, then d is called symmetric: 
(d3) d{a,b) = d{b,a). 
(For any a, 6 e U.) 

Note that wc can force the triangle inequality to hold trivially (if we can choose the values in the real numbers): 
It suffices to choose the values in the set {0} U [0.5, 1], i.e. in the interval from 0.5 to 1, or as 0. 

karl-search= End Definition Distance 



5.2.3 Definition Dist-Indiv-CoU 

karl-searcli= Start Definition Dist-Indiv-Coll 

Definition 5.3 

(+++ Orig. No.: Definition Dist-Indiv-CoU +++) 

LABEL: Definition Dist-Indiv-Coll 

We define the collective and the individual variant of choosing the closest elements in the second operand by 
two operators, |, t: ViU) x P{U) ViU) : 

Let be a distance or pseudo-distance. 

X\Y — {yeY ■.3xy& X.W e X,yy' e Y{d{xy,y) < d{x',y')} 

(the collective variant, used in theory revision) 

and 

X^Y :={yGY:3xy€ X.Vy' G Y{d{xy, y) < d{xy, y')} 

(the individual variant, used for counterfactual conditionals and theory update). 

Thus, A\d B \s the subset of B consisting of all 6 G _B that are closest to A. Note that, if A or i? is infinite, 
A \cL B may be empty, even if A and B are not empty. A condition assuring nonemptiness will be imposed 
when necessary. 



QQ 



karl-search= End Definition Dist-Indiv-Coll 



5.2.4 Definition Dist-Repr 

karl-search= Start Definition Dist-Repr 

Definition 5.4 

(+++ Orig. No.: Definition Dist-Repr +++) 

LABEL: Definition Dist-Repr 

An operation |: V{U) x V{U) 'P{U) is representable iff tliere is a pseudo-distance d:U x U ^ Z sucli that 
A\B = A\dB := {beB:3abG AVa' G AW G B{d{ab, b) < d{a', b'))}. 
karl-search= End Definition Dist-Repr 



5.2.5 Definition TR*d 

karl-searcli= Start Definition TR*d 

The following is the central definition, it describes the way a revision is attached to a pseudo-distance d on 
the set of models. 

Definition 5.5 

(+++ Orig. No.: Definition TR*d -|-++) 

LABEL: Definition TR*d 

T *d T' := Th{M{T) \d M{T')). 

* is called representable iff there is a pseudo-distance d on the set of models s.t. T *T' = Th{M{T) \d M{T')). 
karl-search= End Definition TR*d 

karl-search= End ToolBasel-TR-DistBase 

5.3 Distance based revision: Representation 
5.3.1 ToolBasel-TR-DistRepr 

l^arl-searcfi= Start ToolBasel-TR-DistRepr 



an 



LABEL: Section Toolbascl-TR-DistRcpr 



5.3.2 Fact AGM-In-Dist 

karl-search= Start Fact AGM-In-Dist 

Fact 5.3 

(+++ Orig. No.: Fact AGM-In-Dist +++) 

LABEL: Fact AGM-In-Dist 

A distance based revision satisfies the AGM postulates provided: 

(1) it respects identity, i.e. d{a, a) < d(a, b) for all a ^ b, 

(2) it satisfies a limit condition: minima exist, 

(3) it is definability preserving. 

(It is trivial to see that the first two are necessary, and Example 15.11 (page [M| (2) below shows the necessity of 
(3). In particular, (2) and (3) will hold for finite languages.) 

karl-search= End Fact AGM-In-Dist 



5.3.3 Fact AGM-In-Dist Proof 

karl-search= Start Fact AGM-In-Dist Proof 

Proof 

(+++*** Grig.: Proof ) 

We use I to abbreviate • As a matter of fact, we show slightly more, as we admit also full theories on the right 
of *. 

{K * 1), {K * 2), {K * 6) hold by definition, {K * 3) and {K * 4) as d respects identity, (K * 5) by existence of 
minima. 

It remains to show {K * 7) and (K * 8), we do them together, and show: If T * T' is consistent with T", then 
T*{T'U T") = (T * T') U T". 

Note that M{S U S') = M{S) n M(5"), and that M{S * 5") = M{S) \ M{S'). (The latter is only true if 
is definability preserving.) By prerequisite, M(T * T') n M{T") ^ 0, so (M[T) \ M{T')) n M{T") ^ 0. Let 
A := M(T), B ■= M{T'), C := M{T"). " C ": Let b e A \ {BnC).By prerequisite, there is b' e (A \ B) n C. 
Thus d{A, b') > diA, BnC)= d{A, b). As b & B, b e A \ B, but 6 G C, too. " D ": Let b' e{A\B)r\ C. Thus 
diA, b') = diA, B) < diA, B nC), sohy b' € B nC b' eA \ (gnC ). We conclude Af (T) | (Af(T') n M(T")) = 
(A/(r) I Af(T')) n Af (T"), thus that T * (T' U T") = (T * T') U T". 

□ 

karl-search= End Fact AGM-In-Dist Proof 
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5.3.4 Definition TR-Umgeb 

karl-search= Start Definition TR-Umgeb 

Definition 5.6 

(+++ Orig. No.: Definition TR-Umgeb +++) 

LABEL: Definition TR-Umgcb 

For X, r ^ 0, set Uy{X) := {z : d{X, z) < d{X, Y)}. 
karl-search= End Definition TR-Umgeb 



5.3.5 Fact TR-Umgeb 

karl-searcli= Start Fact TR-Umgeb 

Fact 5.4 

(+++ Orig. No.: Fact Tr-Umgeb +++) 

LABEL: Fact Tr-Umgcb 

Let X,Y,Z ^9. Tlicn 

(1) Uy{x) n z 7^ iff (X I (y u z)) n z 7^ 0, 

(2) Uy{X) n Z 7^ iff CZ <x CY - where <x is epistemic entrenchement relative to X. 
karl-search= End Fact TR-Umgeb 



5.3.6 Fact TR-Umgeb Proof 

karl-searcli= Start Fact TR-Umgeb Proof 

Proof 

Grig.: Proof ) 

(1) Trivial. 

(2) CZ <x cr iff X e {cz n cy) <^cz. xq {cz n cy) = xu{x\ c{cz n cy)) = xu{x\{zu y)). 
So xe {cz n cy) <^ cz {x u {x \ {z u y))) r\Z^%^xr\Zi^^ox{x\ {z\^y))^z ^ % ^ 

d{X,Z) < d{X,Y). 
□ 



karl-search= End Fact TR-Umgeb Proof 
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5.3.7 Definition TR-Dist 



karl-search= Start Definition TR-Dist 

Definition 5.7 

(+++ Orig. No.: Definition TR-Dist +++) 

LABEL: Definition TR-Dist 

Let 7^ 0, 3; C V{U) satisfy (n), (U), %^y. 

Let A,B,Xi(^y, y.y xy ^v{u). 

Let * be a revision function defined for arbitrary consistent theories on both sides. (This is thus a slight 
extension of the AGM framework, as AGM work with formulas only on the right of *.) 







{*Equiv) 

^ T ^ S, \= T' ^ S' , ^ T * T' = S * S' , 






{*CCL) 

T * T' is a consistent, deductively closed theory, 




(1 Succ) 
A \ B C B 


{^Succ) 
T' CT * T' , 




(1 Con) 

An B ^ ID ^ A \ B = An B 


{*Con) 

Con{T U T') T * T' = T U T', 


Intuitively, 
Using symmetry 
d{XQ,Xi) < d(Xi,X2), 

d{Xi,X2) < d(X2,X3), 

d{X2,Xs) < d{Xs,Xi) 

d{Xk-i,X„) < d{Xo,Xk) 

=> 

d(Xo,Xi) < d(Xo,Xk).^ 
i.e. transitivity, or absence of 
loops involving < 


( Loop) 

(Xi 1 {Xo UX2)) nXo # 0, 
(X2 1 (Xi ux3))nxi 7^ 0, 
(X3 1 (X2UX4))nX2#0, 

{Xk 1 uXo))nXfc_i #0 

(Xo 1 (Xfe uxi))nxi jt 


{^Loop) 

Con{To,Ti * (To VTa)), 
Con(Ti,T2 * (Ti VT3)), 
Con{T2,T3 * (T2 VT4)) 

Con{Tk-i,Tk * (Tfc_i V To)) 

Con{Ti,To * (Tfe VTi)) 



karl-search= End Definition TR-Dist 



5.3.8 Definition TR-Dist-Rotate 

karl-search= Start Definition TR-Dist-Rotate 

Definition 5.8 

(+++ Orig. No.: Definition TR-Dist-Rotate -I-++) 

LABEL: Definition TR-Dist-Rotate 

Let U^<!),yc V{U) satisfy (n), (U), %^y. 
LetA,B,Xi&y, \:yxy^V{U). 

Let * be a revision function defined for arbitrary consistent theories on both sides. (This is thus a slight 
extension of the AGM framework, as AGM work with formulas only on the right of *.) 
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(1 Loop) 
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karl-search= End Proposition TR-Alg-Log 



5.3.10 Proposition TR-Alg-Log Proof 

karl-search= Start Proposition TR-Alg-Log Proof 

Proof 

(+++*** Grig.: Proof ) 
(1) 



We consider the equivalence of T * (T' U T") C (T*T')UT" and (M(r) [ M{T')) n M{T") C M(T) \ 
{M{T') n M{T")). 

(1.1) 

(M(r) I M{T'))r\M{T") = M{T*T')r\M{T") = M{{T*T')UT") Q(k*7) M{T*{T'\JT")) = M(T) [ M{T'UT") 
= M{T) I (M(T') n Af(T")). 

(1.2) 

r*(r'ur") ^Th{M{T) \ M{T'UT")) = Th{M{T) I (Af(r')nAf(T"))) C(_y|7) Th{{M{T) I M{T'))r\M{T")) 

=[^,dp) Th{M{T) I Af(T')) U T" = Th{M{T * T') U T" = (T * T') U T". 

(1.3) 

Let T" be equivalent to 0". We can then replace the use of {fidp) in the proof of (1.2) by Fact l2.3l (page fTB)) (3). 
(1.4) 

By Example El] (page [Ml) (2), {K * 7) may fail, though {X \ 7) holds. 
(2.1) and (2.2): 

Con{To, Ti * (To V Ts)) ^ ^(^0) n Af(ri * {To V T2)) ^ 0. 

Af(ri * (To V T2)) = M{Th{M{Ti) \ M{To V T2))) = M{Th{M{T^) | (Af(To) U M(T2)))) =(^rfp) Af(Ti) | 
(M(To) U (T2)), so Con{To,Ti * (To V T2)) ^ M(To) n (M(Ti) | (M(To) U (T2))) ^ 0. 

Thus, all conditions translate one-to-one, and we use (| Loop) and {*Loop) to go back and forth. 

(2.3) : 

Let A := M{Th{M{Ti) \ {M{To) U Af(T2)))), A' := Af(Ti) | (A/(To) U (T2)), then we do not need A = A', it 

suffices to have Af (To) n A ^ ^ Af(To) n A' 7^ 0. A = A' , so we can use Fact O (pageHH) (4), if Tq is 
equivalent to some ipQ. 

This has to hold for all Ti, so all Ti have to be equivalent to some 4>i- 

(2.4) : 

By Proposition 15.61 (page [96)1 , all distance defined | satisfy (| Loop). By Example 15.11 (page [QS)) (1), {*Loop) 
may fail. 

□ 



OA 



karl-search= End Proposition TR-Alg-Log Proof 



5.3.11 Proposition TR-Representation-With-Ref 

karl-search= Start Proposition TR-Representation-With-Ref 

The following table summarizes representation of theory revision functions by structures with a distance. 
By "pseudo-distance" we mean here a pseudo-distance which respects identity, and is symmetrical. 

(I 0) means that \iX,Y ^ 0, then X \dY LABEL: Proposition TR-Rcprosontation-With-Rof 



— function 




Distance Structure 




function 


{| Succ) + (1 Con) + 
( Loop) 


(u) + (n) 

Proposition [5.61 
page [96] 


pseudo-distance 


4> {jJ.dp) + {\ 0) 
Proposition 15.71 
page [96] 


(^Equiv) + (*CCL) + {*Succ)-\- 
(*Con) + {^Loop) 


any finite 
characterization 


Proposition 15.81 
page [98] 


^ witfiout [fidp) 
Example [5~l] 
page 1951 



karl-search= End Proposition TR-Representation-With-Ref 



5.3.12 Example TR-Dp 

karl-search= Start Example TR-Dp 

The following Example 15.11 (page I95p shows that, in general, a revision operation defined on models via a 
pseudo-distance by T * T' := Th{M{T) \d M{T')) might not satisfy {*Loop) or {K * 7), unless we require \d to 
preserve definability. 

Example 5.1 

(+++ Orig. No.: Example TR-Dp +++) 

LABEL: Example TR-Dp 

Consider an infinite propositional language C. 

Let X be an infinite set of models, to, TOi, TO2 be models for C Arrange the models of C in the real plane s.t. all 
X £ X have the same distance < 2 (in the real plane) from to, m2 has distance 2 from to, and toi has distance 
3 from m. 

Let T, Ti, T2 be complete (consistent) theories, T' a theory with infinitely many models, M{T) — {to}, 
Af(ri) = {toi}, M(T2) — {TO2}. The two variants diverge now slightly: 

(1) Af(r') = XU {toi}. r,T',T2 win be pairwise inconsistent. 

(2) M(r') =XU{toi,TO2}, M{T") = {toi,TO2}. 

Assume in both cases Th{X) = T', so X will not be definable by a theory. 
Now for the results: 

Then M{T) \ M{T') = X, but T*T' = Th{X) = T' . 

(1) We easily verify Con(T, * (T V T)), Con(T2,T * (T2 V Ti)), Con(T, Ti =(= (T V T)), Con{Ti,T * (Ti V T')), 
Con(T, T' *{Ty T)), and conclude by Loop (i.e. (*ioop)) Con{T2, T * {T' y T2)), which is wrong. 



(2) So T*T' is consistent with T", and (T * T') U T" = T". But T' U T" = T", and T * (T' U T") = T2 ^ T", 
contradicting {K * 7) . 

□ 

karl-search=: End Example TR-Dp 



5.3.13 Proposition TR-Alg-Repr 

karl-search= Start Proposition TR-Alg-Repr 

Proposition 5.6 

(+++ Orig. No.: Proposition TR-Alg-Repr +++) 

LABEL: Proposition TR-Alg-Ropr 

Let [/ ^ 0, 3^ C V{U) be closed under finite n and finite U,9 ^y. 

(a) I is representable by a symmetric pseudo-distance d : U x U Z iS 
Definition O (page [M]) ■ 

(b) I is representable by an identity respecting symmetric pseudo-distance d 
(I Con), and (| Loop) in Definition 15.71 (page [92)1 . 

See |LMS01| or [Mi] . 

karl-searcli= End Proposition TR-Alg-Repr 



5.3.14 Proposition TR-Log-Repr 

karl-search= Start Proposition TR-Log-Repr 

Proposition 5.7 

(+++ Orig. No.: Proposition TR-Log-Repr +++) 

LABEL: Proposition TR-Log-Repr 

Let £ be a propositional language. 

(a) A revision operation * is representable by a symmetric consistency and definability preserving pseudo- 
distance iff * satisfies {*Equiv), {*CCL), {*Succ), {*Loop). 

(b) A revision operation * is representable by a symmetric consistency and definability preserving, identity 
respecting pseudo-distance iff * satisfies {*Equiv), {*CCL), {*Succ), (*Con), {*Loop). 

See |LMS01| or [Sdl04] . 

karl-search= End Proposition TR-Log-Repr 



satisfies (| Succ) and (| Loop) in 
: [/ X [/ ^ Z iff I satisfies (| Succ), 



5.3.15 Example WeakTR 

karl-search= Start Example WeakTR 

Example 5.2 

(+++ Orig. No.: Example WeakTR +++) 

LABEL: Example WeakTR 

This example shows the expressive weakness of revision based on distance: not all distance relations can be 
reconstructed from the revision operator. Thus, a revision operator does not allow to "observe" all distances 
relations, so transitivity of < cannot necessarily be captured in a short condition, requiring arbitrarily long 
conditions, see Proposition l5.8l (page [55)1 . 

Note that even when the pseudo-distance is a real distance, the resulting revision operator \d does not always 
permit to reconstruct the relations of the distances: revision is a coarse instrument to investigate distances. 

Distances with common start (or end, by symmetry) can always be compared by looking at the result of revision: 

aid {6, 6'} = 6 iff d(a,6) < d(a,6'), 

a \d {6,6'} = h' iff d(a,6) > d(a,5'), 

a \d {6, b'} = {6, b'] iff d(a, b) = d(a, b'). 

This is not the case with arbitrary distances d{x, y) and d{a, b), as this example will show. 

We work in the real plane, with the standard distance, the angles have 120 degrees, a' is closer to y than x is 
to y, a is closer to b than x is to y, but a' is farther away from b' than x is from y. Similarly for 6, 6'. But we 
cannot distinguish the situation {a,b,x,y} and the situation {a',b',x,y} through \d . (See Diagram 15.11 (page 

Seen from a, the distances are in that order: y, b, x. 
Seen from a', the distances are in that order: y,b',x. 
Seen from 6, the distances are in that order: y, a, x. 
Seen from 6', the distances are in that order: y,a',x. 
Seen from y, the distances are in that order: a/b, x. 
Seen from y, the distances are in that order: a' /b' , x. 
Seen from a;, the distances are in that order: y, a/b. 
Seen from x, the distances are in that order: y, a! jb' . 

Thus, any c C will be the same in both situations (with a interchanged with a', b with b'). The same holds 
for any X \dG where X has two elements. 

Thus, any C \d D will be the same in both situations, when we interchange a with a', and b with b' . So we 
cannot determine by \d whether d{x,y) > d(a,b) or not. □ 



Diagram 5.1 LABEL: Diagram WeakTR 
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Indiscernible by revision 



karl-search= End Example WeakTR 



5.3.16 Proposition Hamster 

karl-search= Start Proposition Hamster 

Proposition 5.8 

(+++ Orig. No.: Proposition Hamster +++) 

LABEL: Proposition Hamster 

There is no finite characterization of distance based | —operators. 

(Attention: this is, of course, false when we fix the left hand side: the AGM axioms give a finite characterization. 
So this also shows the strength of being able to change the left hand side.) 

See [SM] . 

karl-search= End Proposition Hamster 
karl-search= End ToolBasel-TR-DistRepr 
karl-search= End ToolBasel-TR 
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6.1.1 



ToolBasel-Size 



karl- 



search= Start 



ToolBasel-Size 



LABEL: Section Toolbascl-Size 

6.1.2 Definition Filter 

karl-search= Start Definition Filter 

Definition 6.1 

(+++ Orig. No.: Definition Filter +++) 

LABEL: Definition Filter 

A filter is an abstract notion of size, elements of a filter J-{X) on X are called big subsets of X, their complements 
are called small, and the rest have medium size. The dual applies to ideals T{X), this is justified by the trivial 
fact that {X - A: ^{X)} is an ideal iff T{X) is a filter. 

In both definitions, the first two conditions (i.e. (FAll), (/0), and {F |), (/ \,)) should hold if the notions 
shall have anything to do with usual intuition, and there are reasons to consider only the weaker, less idealistic, 
version of the third. 

At the same time, we introduce - in rough parallel - coherence conditions which describe what might happen 
when we change the reference or base set X. {R f) is very natural, {R |) is more daring, and {R jj.) even more 
so. {R U disj) is a cautious combination of (i? f) and (i?U), as we avoid using the same big set several times in 
comparison, so (i?U) is used more cautiously here. See Remark lOl (page llOSp for more details. 

Finally, we give a generalized first order quantifier corresponding to a (weak) filter. The precise connection is 
formulated in Definition 16.31 fpage ll08|) , Definition 16.41 (page llOQp , Definition 16.51 fpage llOQp , and Proposition 
16.41 (page llOOp , respectively their relativized versions. 

Fix now a base set X 7^ 0. 

A (weak) filter on or over X is a set J^{X) C P{X), s.t. (FAll), {F T), (Fn) {{FAll), {F t), {Fn') respectively) 
hold. 

A filter is called a principal filter iff there is X' <Z X s.t. T = {A : X' C A C X}. 
A filter is called an ultrafilter iff for aU X' C X X' e T{X) or X - AT' e T{X). 

A (weak) ideal on or over A is a set I{X) C V{X), s.t. (/0), (/ j), (/U) ((/0), (/ i), (/U') respectively) hold. 

Finally, we set M{X) -.^ {A (Z X : A <^ I{X), A ^ T{X)}, the "medium size" sets, and M+{X) M{X) U 
^{X), Ai^{X) is the set of subsets of X, which are not small, i.e. have medium or large size. 

For {R I) and {R ||) (— ) is assumed in the following table. 
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Optimum 


{FAll) 

X e T{x) 


(^0) 

€ T{X) 




Vx4>{x) — > Vx</)(3;) 


Improvement 


(FT) 
ACBCX, 

A e J^{x) ^ 
B e J^{x) 


(1 I) 
ACBCX, 

B e J{x) ^ 

A 6 X(X) 


(R T) 

X c y i{x) c i(Y) 


Va;0(a;)A 
Va;(</)(a:) -> il}(x)) 

yxtp{x) 


Adding small sets 


(Fn) 
A, s e J^(x) =^ 
AnB e T{x) 


(7U) 

A,B ex(x) 
AuB e i{x) 


(R I) 
A,B ex(x) ^ 
A- B e X(X-B) 
or: 

A e T{X), B G I{X) 
A-B e JF(X-B) 


Va:</)(a;) A \7x4>{x) 
Vx{4>{x) A ipix)) 


Cautious addition 


(Fn') 
e r(x) =^ 
AnB^D. 


(IW) 
A,B ei{x) ^ 
AuB ^X. 


(R U disj) 

A e i{x), B G x(y), X n y = ^ 
AuB £ i{x u y) 


\7x(j>{x) —'\7x^(f)(x) 
and Vx4i{x) — > Sx(p{x) 


Bold addition 


Ultrafilter 


(Dual of) Ultrafilter 


(ii U) 

A G X(X), B J^(X) ^ 
A - B G X(X - B) 
or: 

ag^(x), b^:f(x) 
A - s G :^(x-b) 

or: 

A G M+(x), X G >i+(y) 

A G A1+(y) - Transitivity of A1+ 


-^Vxcp{x) \7x-'cj>{x) 



These notions are related to nonmonotonic logics as follows: 

We can say that, normally, (p implies iff in a big subset of all (/>— cases, tp holds. In preferential terms, (j) 

implies ijj iff ip holds in all minimal models. If fi is the model choice function of a preferential structure, i.e. 
/x((/>) is the set of minimal </)— models, then /x((/>) will be a (the smallest) big subset of the set of </>— models, and 
the filter over the models is the pricipal filter generated by i^{(f>). 

Due to the finite intersection property, filters and ideals work well with logics: If (f) holds normally, as it holds 
in a big subset, and so does cj)', then (j> Ac/)' will normally hold, too, as the intersection of two big subsets is big 
again. This is a nice property, but not justified in all situations, consider e.g. simple counting of a finite subset. 
(The question has a name, "lottery paradox": normally no single participant wins, but someone wins in the 
end.) This motivates the weak versions. 

Normality defined by (weak or not) filters is a local concept: the filter defined on X and the one defined on X' 
might be totally independent. 

Seen more abstractly, set properties like e.g. {R t) allow the transfer of big (or small) subsets from one to 

another base set (and the conclusions drawn on this basis) , and wc call them "coherence properties" . They are 
very important, not only for working with a logic which respects them, but also for soundness and completeness 
questions, often they are at the core of such problems. 

karl-search= End Definition Filter 



6.1.3 Definition Filter2 

karl-search= Start Definition Filter2 

Definition 6.2 

(+++ Orig. No.: Definition Filter2 +++) 

LABEL: Definition Filter2 
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A filter is an abstract notion of size, elements of a filter J-{X) on X are called big subsets of X, their complements 
are called small, and the rest have medium size. The dual applies to ideals I(^), this is justified by the trivial 
fact that {X - A: ^{X)} is an ideal iff T{X) is a filter. 

In both definitions, the first two conditions (i.e. {FAll), ^nd {F f), (/ [)) should hold if the notions 

shall have anything to do with usual intuition, and there are reasons to consider only the weaker, less idealistic, 
version of the third. 

At the same time, we introduce - in rough parallel - coherence conditions which describe what might happen 
when we change the reference or base set X. (R ]) is very natural, {R j) is more daring, and {R jj.) even more 
so. {R U disj) is a cautious combination of {R ]) and (i?U), as we avoid using the same big set several times in 
comparison, so (-RU) is used more cautiously here. See Remark lO] (page llOSp for more details. 

Finally, we give a generalized first order quantifier corresponding to a (weak) filter. The precise connection is 
formulated in Definition 16.31 (page llOSp , Definition 16.41 (page ll09|) , Definition 16.51 (page llOQp , and Proposition 
16.41 (page ll09p , respectively their relativized versions. 

Fix now a base set X 7^ 0. 

A (weak) filter on or over X is a set T{X) C V{X), s.t. (FAU), {F t), (Fn) {{FAll), {F t), {Fn') respectively) 
hold. 

A filter is called a principal filter iff there is X' C X s.t. T ^ {A : X' C A C X}. 
A filter is called an ultrafilter iff for aU X' C X X' e T{X) or X - X' e T{X). 

A (weak) ideal on or over X is a set I{X) C V{X), s.t. (/0), (/ j), (/U) ((/0), (/ j), (/U') respectively) hold. 

Finally, we set M{X) -.^ {A (Z X : A I{X), A ^ T{X)}, the "medium size" sets, and M+{X) MiX) U 
^{X), Ai^{X) is the set of subsets of X, which are not small, i.e. have medium or large size. 

For (i? I) and (i? ||) (— ) is assumed in the following table. 
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Filter 


Ideal 


Coherence 


V 


Not trivial 


(F0) 

^ r{x) 


{lAU) 
X 0X(X) 




(V3) 
Va;</>(a;) ^ 3xip{x) 


Optimal proportion 


{FAll) 
X G r{X) 


m 

G T{X) 




(VAll) 
Vx4>{x) — » Va;0(i;) 


Improving proportions 


(F T) 
A C B C X, 

A G r(x) 

B G ^(X) 


(I i) 
AC B 'ZX, 
B G T{X) 

A e i{x) 


(R T) 

X C y =^ I{X) C X(Y) 


(V T) 

Vx(f>{x)A 
Vx{(p{x) ^{x)) 
Vxip{x) 


Improving or keeping proportions 






(_R U disj+) 

A G x(x), B e i(y), 
(X - A) n (y - B) = ^ 
A u B G x(x u y) 




Keeping proportions 






(J? U disj) 
AgX(X), BGX(y), 

xny = ^ 
A u s G T(x u y) 




2-Robustness of proportions (small+small 7^ all) 


(F n 2) 
A,B e r(x) 
AnB ^ 0. 


(7U2) 
A,B eX{X) 
A U B ^ X. 


(^?i2) 

A G :p(x), X G j^(y) ^ 
AG M+(y) 


(Vi2) 
\7x(l){x) -^'Vx-'(p{x) 

New rules: 
(1) a h /3 ^ a 1/ 
(2) a ^- /3, a |~ /3' a A /3 1/ 


Robustness of proportions (n*siiiall ^ all) 


(Fnn) 

G J^(X) ^ 

Xi n . . . n x„ ^ 0. 


(/Un) 

Xi,...,x„ ei{x) ^ 

XiU...UX„^X. 


{R I n) 

Xi G :F(X2), . . . , X„_i G JP(X„) ^ 
Xi G>1+(X„) 


(Vin) 

\'x4ii{x) A ... A Va;(^i„_i(a;) ^ 
^Va:(^<^i V... V^0„_i)(2;) 
New rules: 

(1) « h"/3n-l ^ 
a ^ (^/3i V... V^/3„_i) 

(2) « k fli fv |~ i3„ ^ 

(.1 A ,Ji A . . . /\ ,.i„-i [7^ 


oj— Robustness of proportions (small+small=small) 


(Fnoj) 
G :^(x) ^ 
A n B G :^(x) 


(IUlj) 

A,B ei{x) 

AUB G I{X) 


(i?i^) 

(1) A,B G2:(X) ^ 
A - S G X(X-B) 
or: 

(2) A G J^(X), B G X(X) ^ 

A - B G :f(x-b) 

or: 

(3) A G :^(X), X G >i+(y) ^ 

A G A4+(y) 
or: 

(4) A G M + {X), X G jp(y) =^ 

A G x+(y) 


(V^) 

Vx<f>{x) A V3;i/'(3;) — » 
Vx{4)(x) A V)(a;)) 


Strong robustness of proportions 






(fl U) 

(1) Agx(x), B0:r(x) => 

A-B e I(X - B) 








or: 

(2) Aer{x), B <^r{x) 
A - B G :f(x-b) 

or: 

(3) A G M+{X), X G x+(y) ^ 

A G x+(y) 

(Transitivity of A^+) 










Ultrafilter 


Ultrafilter 


(Dual of) Ultrafilter 




-'Va;0(a;) — » Va;^0(a;) 



6.1.4 New notations: 

(Fn') ^ (F n 2), (in') -> (/ n 2), (i? 4 -) ^ (e i 2), 
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(Fn) -^{Fn u), {in) ^ (7 n u), {R i)^{Ri w), 

6.1.5 Algebra of size: 

(1) internal: 

(1.1) n * small = medium => 2n * small = all 

(1.2) n * small = big => (n + 1) * small = all 

(1.3) medium + small ^ big? 

(1.4) n * small = all 

So, for (1) the number of "small" which can be all seems to be the decisive measure. 

(2) downward: 

(2.1) small in X small in {X — n* small) 

(2.2) small in X =^ small in (X-medium) 

(3) upward: 

(3.1) big in X, X big in F big in Y, oder wenigstens A4~^ 

(3.2) big in X, y = X + n * small (in Y) ^ big/M+ in Y 

(3.3) big in X, X big in y, y big in Z . . . . big/M+ in ... . 

(3.4) Analogue for starting with medium in X, instead of big in X. 
Is upward already induction? 

What about representativity (true induction), which replaces size? 
Is this logical similarity, whereas the others are size similarities? 

6.1.6 Remarks: 

Note that a (3 ^ a is less than a L 

From a\^(3,a\^(5'^a^|3\/^ -^(5' to [R ^) : A = -./?', X = a ^ f), Y = a, go backwards. 
Is {Ri) X & J^{Y), Y e M+{Z) ^ X G M+{Z) or similar? Yes, still prove! 
Other rules: 

(1) For {R U disj) Ar\B = $ not needed, even better without 

(2) For {R{[)) 2. also a\^(3,a\^P'^a\/^ V -./?' 

(3) small + small + small ^ all multitude of such rules, 
A e T{X), X G T{Y), Y G J'iZ) ^ A G M+{Z) etc. 
These notions are related to nonmonotonic logics as follows: 

Wc can say that, normally, c6 implies t]j iff in a big subset of all 0— cases, holds. In preferential terms, (j) 
implies f/; iff f/; holds in all minimal </>— models. If ji is the model choice function of a preferential structure, i.e. 
^,{(|)) is the set of minimal <?!)— models, then ;u((/)) will be a (the smallest) big subset of the set of models, and 
the filter over the ^—models is the pricipal filter generated by /x((^). 

Due to the finite intersection property, filters and ideals work well with logics: If holds normally, as it holds 
in a big subset, and so does cf)' , then 4> Acj)' will normally hold, too, as the intersection of two big subsets is big 
again. This is a nice property, but not justified in all situations, consider e.g. simple counting of a finite subset. 
(The question has a name, "lottery paradox": normally no single participant wins, but someone wins in the 
end.) This motivates the weak versions. 

Normality defined by (weak or not) filters is a local concept: the filter defined on X and the one defined on X' 
might be totally independent. 

Seen more abstractly, set properties like e.g. (R "f) allow the transfer of big (or small) subsets from one to 
another base set (and the conclusions drawn on this basis), and we call them "coherence properties". They are 
very important, not only for working with a logic which respects them, but also for soundness and completeness 
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questions, often they are at the core of such problems. 
karl-search= End Definition Filter2 



6.1.7 Remark Ref-Class 

karl-search= Start Remark Ref-Class 

Remark 6.1 

(+++ Orig. No.: Remark Ref-Class +++) 

LABEL: Remark Ref-Class 

[R t) corresponds to (J J,) and {F 1) : If A is small in X CY, then it will a fortiori be small in the bigger Y. 

{R I) says that diminishing base sets by a small amount will keep small subsets small. This goes in the wrong 

direction, so we have to be careful. We cannot diminish arbitrarily, e.g., if A is a small subset of _B, A should 
not be a small subset of B — {B — A) = A. It still seems quite safe, if "small" is a robust notion, i.e. defined in 
an abstract way, and not anew for each set, and, if "small" is sufficiently far from "big" , as, for example in a 
filter. 

There is, however, an important conceptual distinction to make here. Filters express "size" in an abstract way, 
in the context of nonmonotonic logics, a |~ /3 iff the set of a A -i/3 is small in a. But here, we were interested 
in "small" changes in the reference set X (or a in our example). So we have two quite different uses of "size", 
one for nonmonotonic logics, abstractly expressed by a filter, the other for coherence conditions. It is possible, 
but not necessary, to consider both essentially the same notions. But we should not forget that we have two 
conceptually different uses of size here. 

{R ii) is obviously a stronger variant of {R i). 

It and its strength is perhaps best understood as transitivity of the relation xSy x £ M^{y). 

Now, (in comparison to (i? J.)) A' can be a medium size subset of B. As a matter of fact, {R H) is a very big 
strengthening of {R J.) : Consider a principal filter := {X Q B : B' C X}, b € B'. Then {6} has at least 
medium size, so any small set ^ C B is smaller than {6} - and this is, of course, just rankedness. If we only 
have {R i), then we need the whole generating set B' to see that A is small. This is the strong substitution 
property of rankedness: any b as above will show that A is small. 

The more wc sec size as an abstract notion, and the more wc sec "small" different from "big" (or "medium" ), 
the more we can go from one base set to another and find the same sizes - the more we have coherence when 
we reason with small and big subsets. {R J,) works with iterated use of "small" , just as do filters, but not weak 
filters. So it is not surprising that weak filters and (R |) do not cooperate well: Let A, B, C be small subsets of 
X - pairwise disjoint, and AU B U C = X, this is possible. By {R J.) B and C will be small in X — A, so again 
by {R i) C will be small in {X - A) - B = C, but this is absurd. 

If we think that filters are too strong, but we still want some coherence, i.e. abstract size, we can consider 
(i? U disj) : If A is a small subset of B, and A' of B' , and B and B' arc disjoint, then ^ U A' is a small subset 
of -B U B' . It expresses a uniform approach to size, or distributivity, if you like. It holds, e.g. when we consider 
a set to be small iff it is smaller than a certain fraction. The important point is here that by disjointness, the 
big subsets do not get "used up" . (This property generalizes in a straightforward way to the infinite case.) 

karl-search= End Remark Ref-Class 
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6.1.8 Fact R-down 

karl-search= Start Fact R-down 

Fact 6.2 

(+++ Orig. No.: Fact R-down +++) 

LABEL: Fact R-down 

The two versions of {R J,) and the three versions of {R H) are each equivalent. For the third version of {R H) 
we use (7 J,). 

karl-search= End Fact R-down 



6.1.9 Fact R-down Proof 

karl-search= Start Fact R-down Proof 

Proof 

(+++*** Orig.: Proof ) 

For A,B C X, {X - B) {{X - A) - B) ^ A-B. 

" ^ ": Let A G B € J(X), so X - A e I{X), so by prerequisite {X - A) - B € I{X-B), so 

A- B = {X - B) -{{X -A) - B) G J^{X-B). 

" <^ ": Let A,B € I{X), so X - A e J^{X), so by prerequisite {X - A) - B e J^{X-B), so A - B = 
{X -B)- {{X -A)-B)G I{X-B). 

The proof for (R li) is the same for the first two cases. 

It remains to show equivalence with the last one. We assume closure under set difference and union. 
(1) ^ (3) : 

Suppose A M+{Y), but X G M+{Y), we show A ^ M+{X). So A G I{Y), Y - X ^ J^{Y), so A = 
A-{Y-X)G I{Y -{Y- X)) = I{X). 

(3) (1) : 

Suppose A- B ^ I{X-B), B ^ T{X), we show A ^ J(X). By prerequisite A- B e M+{X-B), X - B e 
M+{X), so A- Be M+{X), so by {I i) A e M+{X), so A ^ X{X). 

□ 

karl-search= End Fact R-down Proof 



6.1.10 Proposition Ref-Class-Mu 

karl-search= Start Proposition Ref-Class-Mu 

Proposition 6.3 
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(+++ Orig. No.: Proposition Ref-Class-Mu +++) 



LABEL: Proposition Ref-Class-Mu 

If f{X) is the smallest A s.t. A e J^{X), then, given the property on the left, the one on the right follows. 

Conversely, when we define J-'{X) := {X' : f{X) C X' C X}, given the property on the right, the one on the 
left follows. For this direction, we assume that we can use the full powerset of some base set C/ - as is the case 
for the model sets of a finite language. This is perhaps not too bold, as we mainly want to stress here the 
intuitive connections, without putting too much weight on definability questions. 



(1.1) 


{R T) 




(fiwOR) 


(1.2) 








(2.1) 


(R T) + (/u) 


=> 


ifiOR) 


(2.2) 




<= 




(3.1) 


{R T) + (/u) 


=> 


(UPR) 


(3.2) 




<= 




(4.1) 


{R U disj) 




(fidisjOR) 


(4.2) 








(5.1) 


{R I) 




{fxCM) 


(5.2) 








(6.1) 


(R ID 




(uRatM) 


(6.2) 









karl-search= End Proposition Ref-Class-Mu 



6.1.11 Proposition Ref-Class-Mu Proof 

karl-search= Start Proposition Ref-Class-Mu Proof 

Proof 

(+++*** Orig.: Proof ) 

(1.1) {R T) ^ ii^wOR) : 

X - f{X) is small in X, so it is small in X U F by (i? t), so A := X U F - (X - f{X)) e T{X U Y), but 
A C 'f{X) U y, and f{X U Y) is the smallest element of T{X U Y), so /(X U F) C ^ C f{X) U Y. 

(1.2) {pLwOR) ^ [R]): 

Let X <ZY, X' := Y-X. Let A e I{X), so X - A e J^{X), so f{X) C X-A, so f{X U X') C J{X) U X' C 
{X-A)\J X' by prerequisite, so {X U X') - {{X -A)\jX')=Ae T{X U X'). 

(2.1) {R X) + (7U) ^ (/xOi?) : 

X-j{X) is small in X, Y-j{Y) is small in F, so both are smafi in XUF by (i? t), so A := {X-f{X))U{Y-f{Y)) 
is smafi in X U F by (JU), but X U F - (/(X) U /(F)) C A, so /(X) U /(F) e J^^(X U F), so, as /(X U F) is 
the smallest element of J^{X U F), /(X U F) C /(X) U /(F). 

(2.2) (/xoi?) ^ (i? T) + m ■■ 

Let again X C F, X' := Y-X. Let A e I(X), so X - A e J'(X), so /(X) C X-A. /(X') C X', so 
/(X U X') C /(X) U /(X') C (X - ^) U X' by prerequisite, so (X U X') - ((X -A)UX') = Ag I{X U X'). 

(/U) holds by definition. 

(3.1) {R T) + (/U) ^ (A^Pi?) : 

Let X C F. F - /(F) is the largest element of 1(F), X - /(X) € X(X) C 2(F) by (i? t), so (X - /(X)) U (F - 
/(F)) G J(F) by (7U), so by "largest" X - /(X) C F - /(F), so /(F) n X C /(X). 

(3.2) itxPR) ^ (i? T) + m 

Let again X C F, X' := Y-X. Let ^ G J(X), so X - A G J^{X), so /(X) C X-A, so by prerequisite 
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/(F) nX C X-A, so f{Y) CX'U (X-A), so {X U X') - {X' U {X - A)) = A G I{Y). 
Again, (/U) holds by definition. 

(4.1) {RUdisj) indisjOR) : 

If X n y = 0, then (1) A e I{X),B e I(Y) ^ AuB e I{X U Y) and (2) A G T{X), B £ T{Y) ^ A\J B € 
T(X U Y) are equivalent. (By X n F = 0, (X - A) U (F - B) = (X U F) - (A U B).) So /(X) G JC-(X), 
/(F) G J^(F) ^ (by prerequisite) /(X) U /(F) G T{X U F). /(X U F) is the smallest element of T{X U F), so 
/(XUF)C/(X)U/(F). 

(4.2) ifidisjOR) ^ {RLi disj) : 

Let X C F, X' F-X. Let A G X(X), A' G liX'), so X - A e T{X), X' - A' e T{X'), so J{X) C X-A, 
f{X') CX' - A', so /(X U X') C /(X) U /(X') C (X - A) U (X' - A') by prerequisite, so (X U X') - ((X - 
A) U (X' - A')) =AUA' e I{X U X'). 

(5.1) {R i) ^ (/iCM) : 

/(X) CFCX^X-Fg J(X), X - /(X) G J(X) ^(^^) A := {X- /(X)) - (X - F) G X(F) ^ 
Y-A^ fix) - (X - F) G .F(F) ^ /(F) C /(X) - (X - F) C /(X). 

(5.2) i^iCM) ^ (i? i) 

Let A G .^(X), B G J(X), so /(X) C X - B C X, so by prerequisite /(X - B) C /(X). As A G J^{X), 
/(X) C A, so /(X -B)C /(X) C A n (X - B) = A-B, and A - B G J^(X-B). 

(6.1) (i? ii) => ifiRatM) : 

Let X C F, Xn/(F) ^ 0. If F-X G T{Y), then A (F-X)n/(F) G T{Y), but by Xn/(F) ^9 Ac /(F), 
contradicting "smallest" of /(F). So F - X ^ jc-(F), and by (i? iJ.) X - /(F) = (F - /(F)) - (F - X) G X(X), 

so X n /(F) G :^(X), so /(X) c /(f) n x. 

(6.2) (uRatM) => (i? ii) 

Let A G J='(F), B ^ jc-(y). 5 ^ jr(y) ^ y - ^ J(F) ^ (F - B) n/(F) ^ 0. Set X F-B, so Xn/(F) 7^ 0, 

X C F, so /(X) C /(F) n X by prerequisite. /(F) C A ^ /(X) C /(F) n X = /(F) - B C A-B. 

□ 



karl-search= End Proposition Ref-Class-Mu Proof 



6.1.12 Definition Nabla 

karl-search= Start Definition Nabla 

Definition 6.3 

(+++ Orig. No.: Definition Nabla +++) 

LABEL: Definition Nabla 

Augment the language of first order logic by the new quantifier: If cfi and ijj arc formulas, then so arc \7x(j){x), 
Wx4>{x) : tp{x), for any variable x. The:-versions are the restricted variants. We call any formula of £, possibly 
containing V a V — £— formula. 

karl-search= End Definition Nabla 
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6.1.13 Definition N-Model 



karl-search= Start Definition N-Model 

Definition 6.4 

(+++ Orig. No.: Definition N-Model +++) 

LABEL: Definition N-Modcl 

(TV- Model) 

Let £ be a first order language, and M be a £— structure. Let M{M) be a weak filter, or A/"— system - TV for 
normal - over M. Define < M,Af{M) > |= for any V — /^—formula inductively as usual, with one additional 
induction step: 

< M,M{M) > h Vx(/)(x) iff there is A e TV(Af) s.t. Va e A {< M,TV(M) > h </>[«])■ 
karl-search= End Definition N-Model 



6.1.14 Definition NablaAxioms 

l<:arl-searcli= Start Definition NablaAxioms 

Definition 6.5 

(+++ Orig. No.: Definition NablaAxioms +++) 

LABEL: Definition NablaAxioms 

Let any axiomatization of predicate calculus be given. Augment this with the axiom schemata 

(1) Vx(t){x) A Vx(0(x) -> Via;)) Vxi}{x), 

(2) \7x(l){x) -^\/x^(t){x), 

(3) Vx0(x) Vx(j){x) and 'Vx(j>{x) 3x4>{x), 

(4) \/x(j){x) ^ Vy(f>{y) if x does not occur free in (f>{y) and y does not occur free in (j){x). 
(for all (/), tp). 

karl-search= End Definition NablaAxioms 



6.1.15 Proposition NablaRepr 

l<:arl-searcfi= Start Proposition NablaRepr 

Proposition 6.4 

(+++ Orig. No.: Proposition NablaRepr 

LABEL: Proposition NablaRepr 

The axioms given in Definition 16.51 (page I109P are sound and complete for the semantics of Definition 16.41 (page 

una) 

See |Sch95-lj or |Sch04j . 
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karl-search= End Proposition NablaRepr 



6.1.15.1 Extension to normal defaults with prerequisites 

(+++*** Orig.: Extension to normal defaults with prerequisites ) 

LABEL: Section Extension to normal defaults with prerequisites 

6.1.16 Definition Nabla-System 

karl-search= Start Definition Nabla-System 

Definition 6.6 

(+++ Orig. No.: Definition Nabla-System +++) 

LABEL: Definition Nabla-System 

Call J\f+{M) =< Af{N) : N CM > a, A/'+ - system or system of weak filters over M iff for each N C. M J\f(N) 
is a weak filter or A/"— system over N. (It suffices to consider the definable subsets of M.) 

karl-search= End Definition Nabla-System 



6.1.17 Definition N-Model-System 

lcarl-searcli= Start Definition N-Model-System 

Definition 6.7 

(+++ Orig. No.: Definition N-Model-System +++) 

LABEL: Definition N-Model-System 

Let £ be a first order language, and M a £— structure. Let N'~^{M) be a A/^+ — system over M. 
Define < M,M~^{M) > \= (j) for any formula inductively as usual, with the additional induction steps: 

1. < M,Af+{M) > [= Vx(/)(x) iff there is ^ e Af{M) s.t. \/a £ A {< M,M+{M) > ^ <?!)[a]), 

2. < M,J\f+{M) > h \/x(l){x) : tpix) iff there is ^ € Af{{x :< M,J\f+{M) >|= (/)(a;)}) s.t. Va € A (< 
M,J\f+{M) > h ^N). 

karl-search= End Definition N-Model-System 



6.1.18 Definition NablaAxioms-System 

karl-searcli= Start Definition NablaAxioms-System 
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Definition 6.8 

(+++ Orig. No.: Definition NablaAxioms-System +++) 

LABEL: Definition NablaAxioms-Systcm 

Extend the logic of first order predicate calculus by adding the axiom schemata 

(1) a. Va;0(x) ^ \7x{x = x) : 4i{x), b. \/x{a{x) ^ t{x)) A \7x(j{x) : 4>{x) — > '^xt{x) : 4i{x), 

(2) Vx(j){x) : il){x) A Va;((/>(a;) A V(a;) ^ -dix)) -> Vx(j){x) : d{x), 

(3) 3x4>(x) A Vx(j)(x) : ip{x) -^Vx(j){x) : -Tijj{x), 

(4) Vx(0(x) i^{x)) — > Vx(j){x) : ip{x) and Vx0(x) : iIj{x) [3x(j>{x) 3x{(f){x) A'ijj{x))], 

(5) 'Vx(j>{x) : ip{x) <-> Vyifiiy) : ip{y) (under the usual caveat for substitution), 
(for all (f), ip, CT, r). 

karl-search= End Definition NablaAxioms-System 



6.1.19 Proposition NablaRepr-System 

karl-search= Start Proposition NablaRepr-System 

Proposition 6.5 

(+++ Orig. No.: Proposition NablaRepr-System +++) 

LABEL: Proposition NablaRepi-Systcm 

The axioms of Definition 16.81 (page lllip are sound and complete for the — semantics of V as defined in 
Definition [67] (page [TTOl) . 

See |Sch95-lj or |Sch04) . 

karl-search= End Proposition NablaRepr-System 



6.1.20 Size-Bib 

karl-search= Start Size-Bib 

More on different abstract coherent systems based on size, 

• the system of S. Ben-David and R. Ben-Eliyahu (see |BB94) V 

• the system of the author, 

• the system of N. Friedman and J. Halpern (see [FH98| ). 

can be found in |Sch04| . 
karl-search= End Size-Bib 
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karl-search= End ToolBasel-Size 
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IBRS 



7.1 



7.1.1 



ToolBasel-IBRS 



karl-search= Start 



ToolBasel-IBRS 



LABEL: Section Toolbasel-IBRS 



7.1.2 Motivation IBRS 



karl-search= Start 



Motivation IBRS 



The human agent in his daily activity has to deal with many situations involving change. Chief among them 
are the following 

(1) Common sense reasoning from available data. This involves predication of what unavailable data is sup- 
posed to be (nonmonotonic deduction) but it is a defeasible prediction, geared towards immediate change. 
This is formally known as nonmonotonic reasoning and is studied by the nonmonotonic community. 

(2) Belief revision, studied by a very large community. The agent is unhappy with the totality of his beliefs 
which he finds internally unacceptable (usually logically inconsistent but not necessarily so) and needs to 
change/revise it. 

(3) Receiving and updating his data, studied by the update community. 

(4) Making morally correct decisions, studied by the deontic logic community. 

(5) Dealing with hypothetical and counterfactual situations. This is studied by a large community of philoso- 
phers and AI researchers. 

(6) Considering temporal future possibilities, this is covered by modal and temporal logic. 

(7) Dealing with properties that persist through time in the near future and with reasoning that is constructive. 
This is covered by intuitionistic logic. 

All the above types of reasoning exist in the human mind and are used continuously and coherently every hour 
of the day. The formal modelling of these types is done by diverse communities which are largely distinct with 
no significant communication or cooperation. The formal models they use are very similar and arise from a 
more general theory, what we might call: 

"Reasoning with information bearing binary relations" . 

karl-search= End Motivation IBRS 
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7.1.3 Definition IBRS 



karl-search= Start Definition IBRS 



Definition 7.1 



(+++ Orig. No.: Definition IBRS +++) 



LABEL: Definition IBRS 

(1) An information bearing binary relation frame IBR, has the form {S, 5R), where is a non-empty set and 
K is a subset of S, where S is defined by induction as foUows: 



We call elements from S points or nodes, and elements from 3? arrows. Given (S', 5f), we also set 



If a is an arrow, the origin and destination of a are defined as usual, and we write a : x y when x is the 
origin, and y the destination of the arrow a. We also write o{a) and d{a) for the origin and destination 
of a. 

(2) Let Q be a set of atoms, and L be a set of labels (usually {0, 1} or [0, 1]). An information assignment h 
on {S, 5R) is a function h : Q x ^ ^ L. 

(3) An information bearing system IBRS, has the form {S, Sft, h, Q, L), where S, SR, h, Q, L are as above. 
See Diagram 118.151 (page I177P for an illustration. 




S'n : n e 



P{{S, 3?)) := S, and A{{S, 5R)) := 3?. 



= (1,1) 



e 



(p-q) = (1,1) 




(P,9) = (1,1) 



a 



d 



(p,q) = (0,0) 



(p,q) = (1,0) 



A simple example of an information bearing system. 



Diagram 7.1 



LABEL: Diagram IBRS-a 



1 1 Q 



We have here: 

S = {a, b, c, d, e}. 

^=SU {(a, 6), (a, c), (d, c), (d, e)} U {((a, 6), (d, c)), (d, (a, c))}. 

Q = {p, q} 

The vahies of /i for p and q are as indicated in the figure. For example h{p, (d, (a, c))) = 1. 
karl-search=: End Definition IBRS 



7.1.4 Comment IBRS 

karl-search= Start Comment IBRS 

Comment 7.1 

(+++ Orig. No.: Comment +++) 

LABEL: Comment 
LABEL: Comment IBRS 

The elements in Figure Diagram 118. 151 fpage fT77|) can be interpreted in many ways, depending on the area of 
application. 

(1) The points in S can be interpreted as possible worlds, or as nodes in an argumentation network or nodes 
in a neural net or states, etc. 

(2) The direct arrows from nodes to nodes can be interpreted as accessibility relation, attack or support arrows 
in an argumentation networks, connection in a neural nets, a preferential ordering in a nonmonotonic 
model, etc. 

(3) The labels on the nodes and arrows can be interpreted as fuzzy values in the accessibility relation or 
weights in the neural net or strength of arguments and their attack in argumentation nets, or distances 
in a counterfactual model, etc. 

(4) The double arrows can be interpreted as feedback loops to nodes or to connections, or as reactive links 
changing the system which are activated as we pass between the nodes. 

karl-search— End Comment IBRS 



7.2 IBRS as abstraction 
7.2.1 IBRS as abstraction 

karl-search= Start IBRS as abstraction 

LABEL: IBRS as abstraction 

Thus, IBRS can be used as a source of information for various logics based on the atoms in Q. We now illustrate 
by listing several such logics. 
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Modal Logic 

One can consider the figure as giving rise to two modal logic models. One with actual world a and one with d, 
these being the two minimal points of the relation. Consider a language with Uq. how do we evaluate a \= Uql 

The modal logic will have to give an algorithm for calculating the values. 

Say we choose algorithm Ai for a \= Uq, namely: 

[ Ai{a, Uq) = 1 ] iff for all a; G 5 such that a = a; or (a, a;) G 5R we have h{q,x) = 1. 

According to Ai we get that is false at a. Ai gives rise to a T— modal logic. Note that the reflexivity 
is not anchored at the relation of the network but in the algorithm Ai in the way we evaluate. We say 
(5, SR, ) 1= □ g iff holds in all minimal points of {S, 3?). 

For orderings without minimal points we may choose a subset of distinguished points. 
Nonmonotonic Deduction 

We can ask whether p q according to algorithm A2 defined below. A2 says that p [~ g holds iff q holds in all 
minimal models of p. Let \is check the value of A2 in this case: 

Let 5*^ = {s e 5 I h{p, s) = 1}. Thus Sp = {d, e}. 

The minimal points of Sp are {d}. Since h{q, d) = 0, we have that p \]^ q. 

Note that in the cases of modal logic and nonmonotonic logic we ignored the arrows (d, (a, c)) (i.e. the double 
arrow from d to the arc (a, c)) and the h values to arcs. These values do not play a part in the traditional modal 
or nonmonotonic logic. They do play a part in other logics. The attentive reader may already suspect that we 
have her an opportunity for generalisation of say nonmonotonic logic, by giving a role to arc annotations. 

Argumentation Nets 

Here the nodes of S are interpreted as arguments. The atoms {p, q} can be interpreted as types of arguments 
and the arrows e.g. (a, 6) S 5? as indicating that the argument a is attacking the argument b. 

So, for example, let 

a = we must win votes. 

h = death sentence for murderers. 

c = We must allow abortion for teenagers 

d = Bible forbids taking of life. 

q = the argument is a social argument 

p = the argument is a religious argument. 

{d, (a, c)) = there should be no connection between winning votes and abortion. 

((a, b), {d, c)) = If we attack the death sentence in order to win votes then we must stress (attack) 
that there should be no connection between religion (Bible) and social issues. 

Thus we have according to this model that supporting abortion can lose votes. The argument for abortion is a 

social one and the argument from the Bible against it is a religious one. 

We can extract information from this IBRS using two algorithms. The modal logic one can check whether for 
example every social argument is attacked by a religious argument. The answer is no, since the social argument 
b is attacked only by a which is not a religious argument. 

We can also use algorithm ^3 (following Dung) to extract the winning arguments of this system. The arguments 
a and d are winning since they are not attacked, d attacks the connection between a and c (i.e. stops a attacking 
c). 

The attack of a on b is successful and so b is out. However the arc (a, 5) attacks the arc {d,c). So c is not 
attacked at all as both arcs leading into it are successfully eliminated. So c is in. e is out because it is attacked 
hyd. 



So the winning arguments are {a, c, d} 

In this model we ignore the annotations on arcs. To be consistent in our mathematics we need to say that h is 
a partial function on K. The best way is to give more specific definition on IBRS to make it suitable for each 
logic. 

See also |Gab08b| and |BGW05| . 
Counterfactuals 

The traditional semantics for counterfactuals involves closeness of worlds. The clauses y p ^ q, where ^ 
is a counterfactual implication is that q holds in all worlds y' "near enough" to y in which p holds. So if we 
interpret the annotation on arcs as distances then we can define "near" as distance < 2, we get: a \= p '-^ q iS 
in all worlds of p— distance < 2 if p holds so does q. Note that the distance depends on p. 

In this case we get that a \= p ^ q holds. The distance function can also use the arrows from arcs to arcs, etc. 
There are many opportunities for generalisation in our IBRS set up. 

Intuitionistic Persistence 

We can get an intuitionistic Kripke model out of this IBRS by letting, for t,s ^ S, tp^s \Et — s or \tRs A Vq S 
Q{h{q,t) < h{q,s))]. We get that 

[ ro = {{y, y)\yeS}U {(a, b), {a, c), {d, e)}. ] 

Let p be the transitive closure of po- Algorithm Ai evaluates p ^ q in this model, where is intuitionistic 
implication. 

Ai : p ^ q holds at the IBRS iff p g holds intuitionistically at every p— minimal point of(S, p). 
karl-search= End IBRS as abstraction 



7.2.2 Reac-Sem 

karl-search= Start Reac-Sem 

LABEL: Section Rcac-Scm 



7.3 Introduction 
7.3.1 Reac-Sem-Intro 

karl-search= Start Reac-Sem-Intro 

LABEL: Section Reac-Sem-Intro 

(1) Nodes and arrows 

As we may have counterarguments not only against nodes, but also against arrows, they must be treated 
basically the same way, i.e. in some way there has to be a positive, but also a negative influence on both. So 
arrows cannot just be concatenation between the contents of nodes, or so. 

We will differentiate between nodes and arrows by labelling arrows in addition with a time delay. We see 
nodes as situations, where the output is computed instantenously from the input, whereas arrows describe some 
"force" or "mechanism" which may need some time to "compute" the result from the input. 

Consequently, if a is an arrow, and /3 an arrow pointing to a, then it should point to the input of a, i.e. before 
the time lapse. Conversely, any arrow originating in a should originate after the time lapse. 
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Apart this distinction, we will treat nodes and arrows the same way, so the following discussion will apply to 
both - which we call just "objects" . 

(2) Defeasibility 

The general idea is to code each object, say X, by I{X) : U{X) C{X) : If I{X) holds then, unless U{X) 
holds, consequence C{X) will hold. (We adopted Reiter's notation for defaults, as IBRS have common points 
with the former.) 

The situation is slightly more complicated, as there can be several counterarguments, so U{X) really is an "or". 
Likewise, there can be several supporting arguments, so I{X) also is an "or" . 

A counterargument must not always be an argument against a specific supporting argument, but it can be. 
Thus, we should admit both possibilties. As we can use arrows to arrows, the second case is easy to treat (as 
is the dual, a supporting argument can be against a specific counterargument). How do we treat the case of 
unspecific pro- and counterarguments? Probably the easiest way is to adopt Dung's idea: an object is in, if it 
has at least one support, and no counterargument - see |Dun95| . Of course, other possibilities may be adopted, 
counting, use of labels, etc., but we just consider the simple case here. 

(3) Labels 

In the general case, objects stand for some kind of defeasible transmission. We may in some cases see labels as 
restricting this transmission to certain values. For instance, if the label is p = 1 and g = 0, then the p— part 
may be transmitted and the q— part not. 

Thus, a transmission with a label can sometimes be considered as a family of transmissions, which ones are 
active is indicated by the label. 

Example 7.1 

(+++ Orig. No.: Example 2.1 +++) 

LABEL: Example 2.1 

In fuzzy Kripke models, labels are elements of [0, 1]. p = 0.5 as label for a node m' which stands for a fuzzy 
model means that the value of p is 0.5. p — 0.5 as label for an arrow from m to m' means that p is transmitted 
with value 0.5. Thus, when we look from m to m', we see p with value 0.5 * 0.5 = 0.25. So, we have Op with 
value 0.25 at m - if, e.g., m, m' are the only models. 

(4) Putting things together 

If an arrow leaves an object, the object's output will be connected to the (only) positive input of the arrow. 
(An arrow has no negative inputs from objects it leaves.) If a positive arrow enters an object, it is connected 
to one of the positive inputs of the object, analogously for negative arrows and inputs. 

When labels are present, they are transmitted through some operation. 

karl-search= End Reac-Sem-Intro 



7.4 Formal definition 
7.4.1 Reac-Sem-Def 

karl-search= Start Reac-Sem-Def 

LABEL: Section Rcac-Scm-Def 

Definition 7.2 

(+++ Orig. No.: Definition 2.1 +++) 

LABEL: Definition 2.1 
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In the most general case, objects of IBRS have the form: (< Ii,Li >,...,< /„, L„ >) : (< Ui,L[ >,...,< 
Un, L'^ >), where the L^, L[ are labels and the li, Ui might be just truth values, but can also be more complicated, 
a (possibly infinite) sequence of some values. Connected objects have, of course, to have corresponding such 
sequences. In addition, the object X has a criterion for each input, whether it is valid or not (in the simple case, 
this will just be the truth value "true"). If there is at least one positive valid input li, and no valid negative 
input Ui, then the output C{X) and its label are calculated on the basis of the valid inputs and their labels. If 
the object is an arrow, this will take some time, t, otherwise, this is instantaneous. 

Evaluating a diagram 

An evaluation is relative to a fixed input, i.e. some objects will be given certain values, and the diagram is left 
to calculate the others. It may well be that it oscillates, i.e. shows a cyclic behaviour. This may be true for a 
subset of the diagram, or the whole diagram. If it is restricted to an unimportant part, we might neglect this. 
Whether it oscillates or not can also depend on the time delays of the arrows (see Example 17.21 (page IllSp ) . 

We therefore define for a diagram A 

a |~ A/3 iff 

(a) a is a (perhaps partial) input - where the other values are set "not valid" 

(b) /3 is a (perhaps partial) output 

(c) after some time, (3 is stable, i.e. all still possible oscillations do not affect j3 

(d) the other possible input values do not matter, i.e. whatever the input, the result is the same. 
In the cases examined here more closely, all input values will be defined. 

karl-search= End Reac-Sem-Def 



7.5 A circuit semantics for simple IBRS without labels 
7.5.1 Reac-Sem-Circuit 

karl-search= Start Reac-Sem-Circuit 

LABEL: Section Rcac-Scm-Circuit 

It is standard to implement the usual logical connectives by electronic circuits. These components are called 
gates. Circuits with feedback sometimes show undesirable behaviour when the initial conditions are not specified. 
(When we switch a circuit on, the outputs of the individual gates can have arbitrary values.) The technical 
realization of these initial values shows the way to treat defaults. The initial values are set via resistors (in the 
order of 1 fcfJ) between the point in the circuit we want to intialize and the desired tension (say Volt for false, 
5 Volt for true). They are called pull-down or pull-up resistors (for default or 5 Volt). When a "real" result 
comes in, it will override the tension applied via the resistor. 

Closer inspection reveals that we have here a 3 level default situation: The initial value will be the weakest, 
which can be overridden by any "real" signal, but a positive argument can be overridden by a negative one. 
Thus, the biggest resistor will be for the initialization, the smaller one for the supporting arguments, and the 
negative arguments have full power. 

Technical details will be left to the experts. 

We give now an example which shows that the delays of the arrows can matter. In one situation, a stable state 
is reached, in another, the circuit begins to oscillate. 

Example 7.2 

(+++ Orig. No.: Example 2.2 +++) 

LABEL: Example 2.2 
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(In engineering terms, this is a variant of a JK flip-flop with R * S — 0, a circuit with feedback.) 
We have 8 measuring points. 

Inl,In2 are the overaU input, Outl,Out2 the overaU output, Al, A2, A3, AA are auxihary internal points, 
points can be true or false. 

The logical structure is as follows: 

Al = /nl A Outl, A2 = In2 A Out2, 

A3 = Aiy Out2, A4 = y42 V Outl, 

Outl = ^^3, Out2 ^ -.A4. 

Thus, the circuit is symmetrical, with Inl corresponding to In2, Al to A2, A3 to A4, Outl to Out2. 
The input is held constant. See Diagram 118.221 (page 1184( 1 . 



Diagram 7.2 LABEL: Diagram Gate-Sem 
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In2 



A2 



Out2 



Ai 



Gate Semantics 



We suppose that the output of the individual gates is present n time shoes after the input was present, n will 
in the first circuit be equal to 1 for all gates, in the second circuit equal to 1 for all but the AND gates, which 
will take 2 time slices. Thus, in both cases, e.g. Outl at time t will be the negation of A3 at time f — 1. In 
the first case, Al at time t will be the conjunction of Inl and Outl at time t — 1, and in the second case the 
conjunction of Inl and Outl at time t ~ 2. 

We initialize Inl as true, all others as false. (The initial value of A3 and A4 does not matter, the behaviour is 
essentially the same for all such values.) 

The first circuit will oscillate with a period of 4, the second circuit will go to a stable state. 
We have the following transition tables (time slice shown at left): 
Circuit 1, delay = 1 everywhere: 
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Inl 


In2 


Al 


A2 


A3 


A4 


Outl 


Out2 




1 


T 


F 


F 


F 


F 


F 


F 


F 




2 


T 


F 


F 


F 


F 


F 


T 


T 




3 


T 


F 


T 


F 


T 


T 


T 


T 




4 


T 


F 


T 


F 


T 


T 


F 


F 




5 


T 


F 


F 


F 


T 


F 


F 


F 


oscillation starts 


6 


T 


F 


F 


F 


F 


F 


F 


T 




7 


T 


F 


F 


F 


T 


F 


T 


T 




8 


T 


F 


T 


F 


T 


T 


F 


T 




9 


T 


F 


F 


F 


T 


F 


F 


F 


back to start of oscillation 



Circuit 2, delay = 1 everywhere, except for AND with delay = 2 : 

(Thus, Al and A2 are held at their intial value up to time 2, then they are calculated using the values of time 
t-2.) 





Inl 


In2 


Al 


A2 


A3 


A4 


Outl 


Out2 


1 


T 


F 


F 


F 


F 


F 


F 


F 


2 


T 


F 


F 


F 


F 


F 


T 


T 


3 


T 


F 


F 


F 


T 


T 


T 


T 


4 


T 


F 


T 


F 


T 


T 


F 


F 


5 


T 


F 


T 


F 


T 


F 


F 


F 


6 


T 


F 


F 


F 


T 


F 


F 


T 


7 


T 


F 


F 


F 


T 


F 


F 


T 



stable state reached 

Note that state 6 of circuit 2 is also stable in circuit 1, but it is never reached in that circuit. 
karl-search= End Reac-Sem-Circuit 

karl-search= End Reac-Sem 

karl-search= End ToolBasel-IBRS 



1 oi 



8 Generalized preferential structures 



8.1 

8.1.1 ToolBasel-HigherPref 

karl-search= Start ToolBasel-HigherPref 

LABEL: Section Toolbasel-HigherPref 

8.1.2 Comment Gen-Pref 

karl-search= Start Comment Gen-Pref 

Comment 8.1 

(+++ Grig. No.: Comment Gen-Pref ++-1-) 

LABEL: Comment Gen-Pref 

A counterargument to a is NGT an argument for -la (this is asking for too much), but just showing one case 
where -la holds. In preferential structures, an argument for a is a set of level 1 arrows, eliminating -la— models. 
A counterargument is one level 2 arrow, attacking one such level 1 arrow. 

Gf course, when we have copies, we may need many successful attacks, on all copies, to achieve the goal. As we 
may have copies of level 1 arrows, we may need many level 2 arrows to destroy them all. 

karl-search= End Comment Gen-Pref 



8.1.3 Definition Generalized preferential structure 

karl-search= Start Definition Generalized preferential structure 

Definition 8.1 

(+++ Grig. No.: Definition Generalized preferential structure +++) 

LABEL: Definition Generalized preferential structure 

An IBR is called a generalized preferential structure iff the origins of all arrows are points. We will usually 
write X, y etc. for points, a, (3 etc. for arrows. 

karl-search= End Definition Generalized preferential structure 



8.1.4 Definition Level-n-Arrow 

karl-search= Start Definition Level-n-Arrow 

Definition 8.2 

(+++ Grig. No.: Definition Level-n-Arrow +++) 

LABEL: Definition Level-n-Arrow 
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Consider a generalized preferential structure X. 

(1) Level n arrow: 
Definition by upward induction. 

If a : a; — > y, X, 2/ are points, then a is a level 1 arrow. 

li a : X ^ [3, X is a, point, /3 a level n arrow, then a is a level n + 1 arrow. (o(a) is the origin, d{a) is the 
destination of a.) 

X{a) will denote the level of a. 

(2) Level n structure: 

X is a level n structure iff all arrows in X are at most level n arrows. 
We consider here only structures of some arbitrary but finite level n. 

(3) We define for an arrow a by induction 0{a) and D{a). 
If A(a) = 1, then 0{a) := {o(a)}, D{a) := {d{a)}. 
Ifa-.x^P, then D{a) := D{P), and 0{a) := {x} U 0(/3). 

Thus, for example, if a : x ^ y, (3 : z ^ a, then 0(/3) := {x, z}, D[(3) = {y}. 
karl-search= End Definition Level-n- Arrow 



8.1.5 Example Inf- Level 

karl-search= Start Example Inf-Level 

We will not consider here diagrams with arbitrarily high levels. One reason is that diagrams like the following 
will have an unclear meaning: 

Example 8.1 

(+++ Orig. No.: Example Inf-Level +++) 

LABEL: Example Inf-Level 

< a, 1 >: a; — > J/, 

< a,n + l>: X -^< a,n > (new). 

Is y 6 ^l{X)7 

karl-search= End Example Inf-Level 



8.1.6 Definition Valid-Arrow 

karl-search= Start Definition Valid-Arrow 

Definition 8.3 

(-I-++ Orig. No.: Definition Vahd-Arrow +++) 

LABEL: Definition Valid-Arrow 
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Let X he a generalized preferential structure of (finite) level n. 
We define (by downward induction): 

(1) Valid X -to-Y arrow: 
Let X,Y C P{X). 

a G A(X) is a valid X — to ~ Y arrow iff 

(1.1) 0(a) C X, D{a) C y, 

(1.2) V/3 : ^ a.{x' e X 37 : x" ^ /3.(7 is a valid X - to-Y arrow)). 

We will also say that a is a valid arrow in X, or just valid in X, iff a is a valid X — to — X arrow. 

(2) Valid X^Y arrow: 
Let X C y C P{X). 

a e A{X) is a valid X ^Y arrow iff 

(2.1) o{a) G X, 0{a) C Y, D{a) C Y, 

(2.2) V/3 : a;' ^ a.{x' gY ^3-f:x" ^ l3.{-f is a valid X^Y arrow)). 

(Note that in particular 0(7) G X, and that o(/3) need not be in X, but can be in the bigger Y.) 
karl-search= End Definition Valid- Arrow 



8.1.7 Fact Higher- Validity 

karl-search= Start Fact Higher- Validity 

Fact 8.1 

(+++ Orig. No.: Fact Higher- Validity +++) 

LABEL: Fact Higher- Validity 

(1) If a is a valid X =>Y arrow, then a is a valid Y — to — Y arrow. 

(2) If X C X' C y C y C P{X) and a G A{X) is a valid X ^Y arrow, and 0{a) C y', D{a) C y', then a 

is a valid X' ^ Y' arrow. 

karl-search= End Fact Higher- Validity 



8.1.8 Fact Higher- Validity Proof 

karl-search= Start Fact Higher- Validity Proof 

8.1.8.1 Proof Fact Higher- Validity 

(+++*** Orig.: Proof Fact Higher- Validity ) 

LABEL: Section Proof Fact Higher- Validity 

Let a be a valid X y arrow. We show (1) and (2) together by downward induction (both are trivial). 
By prerequisite o(a) eX CX', 0{a) C y' C y, D{a) C y' C y 
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Case 1: A(a) = n. So a is a valid X' ^ Y' arrow, and a valid Y — to — Y arrow. 

Case 2: X{a) = n — 1. So there is no : x' a, y G so a is a valid Y — to — Y arrow. By Y' C Y a is a. valid 
X' Y' arrow. 

Case 3: Let the result be shown down to m, n > m > 1, let X{a) = m — 1. So V/3 : a:' — > a{x' G F 
37 : x" — > /3{x" € X and 7 is a valid X ^ Y arrow)). By induction hypothesis 7 is a valid Y — to — Y arrow, 
and a valid X' Y' arrow. So a is a valid Y — to — Y arrow, and by F' C F, a is a valid X' => Y' arrow. 

□ 

karl-search= End Fact Higher- Validity Proof 



8.1.9 Definition Higher-Mu 

karl-search= Start Definition Higlier-Mu 

Definition 8.4 

(+++ Orig. No.: Definition Higher-Mu +++) 

LABEL: Definition Highor-Mu 

Let A:" be a generalized preferential structure of level n, X C P(X). 

fi{X) := {x E X : 3 < x,i > .^3 valid X — to — X arrow a : x' — >< x, i >}. 

karl-search= End Definition Higher-Mu 



8.1.10 Comment Smooth-Gen 

ls:arl-searcli= Start Comment Smootli-Gen 

Comment 8.2 

(+++ Orig. No.: Comment Smooth-Gcn +++) 

LABEL: Comment Smooth-Gen 

The purpose of smoothness is to guarantee cumulativity. Smoothness achieves Cumulativity by mirroring all 
information present in X also in fJ,{X). Closer inspection shows that smoothness does more than necessary. 
This is visible when there are copies (or, equivalently, non-injective labelling functions). Suppose we have 
two copies of X G X, < x,i > and < x,i' >, and there is y G X, a :< y,j >^< x,i >, but there is no 
a' .< y',j' >— >< x,i' >, y' G X. Then a .< y,j >^< x,i > is irrelevant, as a; G /i(^) anyhow. So mirroring 
a :< y,j >^< x,i > in i-i{X) is not necessary, i.e. it is not necessary to have some a' :< y',j' >—^< x,i >, 

y' e fi{x). 

On the other hand. Example 18.31 (page I130p shows that, if we want smooth structures to correspond to the 
property (fiCUM), we need at least some valid arrows from /i(X) also for higher level arrows. This "some" is 
made precise (essentially) in Definition 18.51 (page I126P . 

From a more philosophical point of view, when we see the (inverted) arrows of preferential structures as attacks 
on non-minimal elements, then we should see smooth structures as always having attacks also from valid (min- 
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imal) elements. So, in general structures, also attacks from non-valid elements are valid, in smooth structures 
we always also have attacks from valid elements. 

The analogon to usual smooth structures, on level 2, is then that any successfully attacked level 1 arrow is also 
attacked from a minimal point. 

karl-search= End Comment Smooth-Gen 



8.1.11 Definition X-Sub-X' 

karl-search= Start Definition X-Sub-X' 

Definition 8.5 

(+++ Orig. No.: Definition X-Sub-X' +++) 

LABEL: Definition X-Sub-X' 

Let X he a generalized preferential structure. 
X nx' iS 

(1) X CX' C P{X), 

{2) \/x e X' - X \/ < x,i > 3a : x' -^< x,i > {a is a vahd X ^ X' arrow), 
{3)yx e X 3 < x,i > 

(Va : x' — >< X, i > {x' e X' ^ 3P : x" a.{(3 is a valid X ^ X' arrow))). 
Note that (3) is not simply the negation of (2): 

Consider a level 1 structure. Thus all level 1 arrows are valid, but the source of the arrows must not be neglected. 

(2) reads now: \/x ^ X' - X \/ < x,i > 3a : x' — >< x,i > .x' ^ X 

(3) reads: ^x ^ X 3 < x,i > ^3a : x' ^< x, i > .x' e X' 

This is intended: intuitively, X — fi(X'), and minimal elements must not be attacked at all, but non-minimals 
must be attacked from X - which is a modified version of smoothness. 

karl-search= End Definition X-Sub-X' 



8.1.12 Remark X-Sub-X' 

lcarl-searcli= Start Remark X-Sub-X' 

Remark 8.2 

(+++ Orig. No.: Remark X-Sub-X' +++) 

LABEL: Remark X-Sub-X' 

We note the special case of Definition 18.51 (page I126P for level 3 structures, as it will be used later. We also 
write it immediately for the intended case ^Ji{X) C X, and explicitly with copies. 

X e ^i{X) iff 

(1) 3 < x,i > \/ < a,k >:< y, i >^< x,i > 

[y ^ X —> 3 < [3' ,1' >:< z', to' >^< a,k> . 
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{z' e fi{X) A -3 < 7',n' >:< u',p' >^< > .u' E X)) 
See Diagram HHIlSKpage [US]) . 

xex - ^{X) iff 

(2) V < x, i > 3 < a', fc' >:< y', / >-^< x, i > 
iy' e KX) A 

(a) ^3 < /?',/' >:< z',m' >->< a',k' > .z' e X 
or 

(b) V < /?', /' >:< z', m! >-,< a\ k' > 

{z' eX ^3< i,n' >:< >^< /3',Z' > .u' e [i[X)) ) 
See Diagram [lH2ni(pagc[Tlll) . 
karl-search= End Remark X-Sub-X' 



Diagram 8.1 LABEL: Diagram Essential-Smooth-3- 1-2 




X 



Case 3-1-2 
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Diagram 8.2 label: Diagram Essential-Smooth-3-2 




Case 3-2 



8.1.13 Fact X-Sub-X' 

karl-search= Start Fact X-Sub-X' 

Fact 8.3 

(+++ Orig. No.: Fact X-Sub-X' +++) 

LABEL: Fact X-Sub-X' 

(1) If X C X', then X = n{X'), 

(2) XQX',X^X" ^X' ^ XQ X". (This corresponds to {iiCUM).) 

(3) X Q X' , X <ZY' ,Y QY' ,Y ^ X' ^ X = Y. (This corresponds to {^l CD).) 
karl-search= End Fact X-Sub-X' 



8.1.14 Fact X-Sub-X' Proof 

karl-search= Start Fact X-Sub-X' Proof 

8.1.14.1 Proof Fact X - Suh - X' 
(+++*** Orig.: Proof Fact X-Sub-X' ) 
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LABEL: Section Proof Fact X-Sub-X' 

Proof 

(+++*** Orig.: Proof ) 

(1) Trivial by Fact O (page [Hll) (1). 

(2) 

We have to show 

(a) Vx e X" — X V < X, i > 3a : a;' ^< x.i > {a is a. vaUd X ^ X" arrow), and 

(b) Vx e X 3 < i > (Va -.x' ^<x,i> {x' e X" ^ 3(3 : x" a.{(3 is a vaUd X ^ X" arrow))). 

Both follow from the corresponding condition for X => X', the restriction of the universal quantifier, and Fact 
[Of page [TM (2). 

(3) 

Let X £ X~Y. 

(a) By a; e X □ X', 3 < x,i > s.t. (Va : x' -^< x, i > {x' e X' ^ 3(3 : x" a.(/3 is a valid X ^ X' arrow))). 

(b) By X \Z 3ai : x' x, i > ai is a valid Y ^ Y' arrow, in particular x' £ Y C X' . Moreover, A(ai) ~ 1. 
So by (a) 3(32 '■ x" ai-{(32 is a valid X ^ X' arrow), in particular x" £ X £ Y' , moreover \{(32) = 2. 

It follows by induction from the definition of valid A ^ B arrows that 
\fn3a2m+ii A(a2m+i) = 2m + 1, a2,n+i a valid Y ^ Y' arrow and 
Wn3(32m+2, A(/32m+2) = 2m + 2, P2m+2 a valid X ^ X' arrow, 
which is impossible, as A" is a structure of finite level. 
□ 

karl-search= End Fact X-Sub-X' Proof 



8.1.15 Definition Totally-Smooth 

karl-search= Start Definition Totally-Smootli 

Definition 8.6 

(+++ Orig. No.: Definition Totally-Smooth +++) 

LABEL: Definition Totally-Smootli 

Let X he a generalized preferential structure, X C P{X). 
X is called totally smooth for X iff 

(1) Va : X ^ y e A{X){0{a) U D{a) C X 3a' : x' ^ y.x' e ^i{X)) 

(2) if a is valid, then there must also exist such a' which is valid, 
(y a point or an arrow) . 

If 3^ C P{X), then X is called 3^-totally smooth iff for &\\X X is totally smooth for X. 
karl-search= End Definition Totally-Smooth 
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8.1.16 Example Totally-Smooth 

karl-search= Start Example Totally-Smooth 

Example 8.2 

(+++ Orig. No.: Example Totally-Smooth +++) 

LABEL: Example Totally-Smooth 

X :— {a : a ^ b, a' : b ^ c, a" : a ^ c, f3 : b ^ a'} is not totally smooth, 

X := {a : a ^ b, a' : b ^ c, a" : a ^ c, P : b ^ a' , P' : a ^ a'} is totally smooth. 

karl-search= End Example Totally-Smooth 



8.1.17 Example Need-Smooth 

karl-search= Start Example Need-Smooth 

Example 8.3 

{+++ Orig. No.: Example Need-Smooth +++) 

LABEL: Example Need-Smooth 

Consider a' : a ^ b, a" : b —> c, a : a ^ c, f3 : a —> a. 

Then /u({a, 6, c}) = {a}, //({a,c}) = {a,c}. Thus, {nCUM) does not hold in this structure. Note that there is 
no valid arrow from /x({a, 6, c}) to c. 

karl-search= End Example Need-Smooth 



8.1.18 Definition Essentially-Smooth 

karl-search= Start Definition Essentially-Smooth 

Definition 8.7 

(+++ Orig. No.: Definition Essentially-Smooth -|— I— h) 

LABEL: Definition Essentially-Smooth 

Let X he & generalized preferential strueture, X C P{X). 
X is called essentially smooth for X iff ijl{X) □ X. 

If 3^ C P{X), then X is called 3^-essentially smooth iff for all X e 3^ C X. 
karl-search= End Definition Essentially-Smooth 
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8.1.19 Example Total-vs-Essential 

karl-search= Start Example Total-vs-Essential 

Example 8.4 

(+++ Orig. No.: Example Total-vs-Essential -h- 1— h) 

LABEL: Example Total-vs-Esscntial 

It is easy to see that we can distinguish total and essential smoothness in richer structures, as the following 
Example shows: 

We add an accessibility relation R, and consider only those models which are accessible. 

Let e.g. a b c, >, < c, 1 >, without transitivity. Thus, only c has two copies. This structure is 

essentially smooth, but of course not totally so. 

Let now mRa, mRb, mR < c, >, mR < c, 1 >, m'Ra, m' Rh, m! R < c, > . 

Thus, seen from m, /i({a, 6, c}) = {a, c}, but seen from m', /K({a, 6, c}) = {a}, but /U,({a, c}) = {a, c}, contra- 
dicting (CUM). 

□ 

karl-search= End Example Total-vs-Essential 
karl-search= End ToolBasel-HigherPref 



9 New remarks 

(1) eMJFi entails: ^l{Y) C X C y ^ ij.{X) C ii{Y) 

(2) Let X C F C 

eMXi : X G I{Y) € I{Z) 

eMl2 : X e M-{Y) ^ X e M-{Z) 
eMTi : X e T{Z) ^ X € T(Y) 
eMJ^2 ■■ X e M+{Z) ^X e M+(Y) 

(3) We have: eMIi <(=> eMJ^2, eMl2 eMTi. 

(4) Wc can represent the semantics for n * s by reactive structures: the choice of one big subset disables the 
other choices. 

(5) Some such structures can be represented by permutations (sometimes not all) of elements chosen. 
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(6) (iM) is done automatically, we have basically a preferential structure, but one which is switched on/off. 
The basic preferential idea is in the fact that small sets are upward small. And Big sets are downward 
big. this corresponds to Cautious Monotony. 

(7) Was genau entspricht (eMX), (eMJ")? 

As the versions (1) suffice, we work with them only. 
(eMI) without any domain prerequisites for |~: 
{CUT') a h' /3, a ^ a', a' A h a ^ a' h /3 
(eMJ) with (U) : 

(wOR) a[~/J, a'h/J^Q!Va'[~/J 

{eM!F) without any domain prerequisites for [~: 

(CM') a \^ /3, a' h a, a A 13 h a' ^ a' \^ 13. 

(8) {LLE) + {SC) + (RW) + {CUT') + {CM') characterize basic systems. 
(iM) holds by (RW). 

(eMJ) : Let C X C F, A be small in X, A := M{a A ^/3) = M{a' A -/?) ^ a' \^ P ^ M{a' A -/?) is 
small in Y. 

{eMT) analogously. 

(9) subideal situations and size: Optimum: smallest big subset, subideal: bigger big set, least ideal: all. This 
is ordered by logical strength. 



10 Main table 

/ should translate all logical rules into algebraic rules. 
E.g. 

a |~ /3 corresponds to A — B & 1{^) 
a 1/ (3 to A- B &M+{A) 
a'r 13 to A- B = $ 

And then give only the algebraic versions of the rules {AND^), {ORx), {CM^). 
Define M+, M' . 
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Ideal 


Filter 




V 


div. rules 


AND 


OR 


CM/Rat.Mon. 


Optimal pr(ip(irtif>ii 


;< >i't i 


i; Z; .Y 


A" X 




, , , . V < . ■ 










Monotony; Improving proportions 


(iM) 


A C B 6 T{X) => 
A e I(X) 


A e :'^(x), A c B 
B e :f(x) 




Vx<^ A V(<i. <!>') 
—>■ Vxcji' 


a N /3' 








(eMZ) 


Let X C y 
(1) X(X) c i(y) 
(2) A4-(x) c Ai~(r) 






Vx{<t> : ■4>)A 

\/x{cfi^ — * t/j) * 

Va;(0 V 4>' : ip) 






a h- (3, a' ^ /3 
a V a' h /3 








Let X c y 
(1) J^{Y) n -PCX) c J^(x) 
(2) A/| + (y) n p(x) c 
M+(x) 




Va;((/) : t/')A 
Vx(ip — ^ ip ) — * 
Vx(^ A ip' : 








(■uiCM) 
a N /3, (3 1- /3' 
a A /3' N /3 


Keeping proportions 


{-) 


(T U disj") 

A e z(x), B e 
X n V = ^ 

Au B e T{X u 


{:F U disj) 

A e ^(x), B e ;c-cK), 
X n V = ^ 
A u B e jr(x u y) 










(disjOR) 

<fl \^ Tp , <f) 1^ ^ 

4> 1 ^i/)' , =» 

<p V <j}' \^ Tp 










Robustness of proportions: 










(1 . a) 


X g X(X) 


^ :f(x) 




tVi) 


{CP) 


(ATVOiJ 
a h- /3 a t/ -/3 






(2 . a) 


(X2) 
A, B e X(X) =t. 
A U B ^ X 


A, B e :f(x) =t. 
A n B 7^ 




(V2) 
(1) 

"Vxtp A Vx-i/j 
— f 3x(i^ A 1/)) 
(2) 




(AWD2) 

(1) a K /3, a ^' 
a V ^/3' 

(2) a h- /3 a fci 




(CM2) 
a N /3, a h- /3' 
a A (3 b' -/3' 


(3 . a) 


A, B, C e X(X) =5. 
A U B U C 7^ X 


(^3) 

A, B, c e :f(x) => 
A n B n c ^ 


A e :f(x), X e :F"(y) 
y e j^(z) 
A e Ai+(z) 


(V3) 

Vx<^ A Vx-i/i A VxfT 
3a;('^ A A (t) 




(AND3) 
(1) 

a h- (3, a h S', a h- /3" 
a b* V ^/3' V ^/3" 
(2) 

a y3, a /3' =i- 

a bi -/3 V 


a h /3, a' h /3 => 
ava' fci ^/3 


(CM3) 
(1) 

a h- /3, a h- /3', a h- fi" 
=> a A 3 A 3' b* ^/3" 
(2) 

a N /3, a h- /3' =s- 
a A /3 b^ -(3' 


(n . a) 


(In) 
Ai, A„ e I(X) 

Ai U . U A„ ^ X 


Ai, ., A„ £ X(X) 

Ai n . n A^ 5^ 


Xi e ^(Xa), -, 
x„_i 6 :f(x„) 
Xi e Ai+(x„) 


(V^) 
Va:</)i A . A Vx4>n 

Bx(<f>i A . A <i>n) 


Qti a a^ — 1 ^ "ti — 2 

an A . A a2 ai 
an ^ai 


(ATVDn) 
(1) 

Q h /3i , . , Q H /3„ ^ 
a b' -/3i V . V ^/3„ 
(2) 

a h' /3i, ., a h- /3„_i =^ 
a b' V . V ^/3„_i 


(ORn) 

ai V . V an-1 b' 
-/3 


(CM„) 
(1) 

Q h /3i , . , Q |~ /3„ =» 
a A /3i A . A /3„_i b' -/3n 
(2) 

a h /3l, ., a h ^ 
a A /3i A , A /^^^_2 


(< . a) 


A, B G Z(X) ^ 
A U B e I(X) 


A, B e ;c-(x) ^ 

A n B e :F(x) 


(1) 

A e :f"(x), X e m+{y) 
A e Ai+(y) 

(2) 

A e A1+(X), X £ T{Y) 

A e Ai+(y) 

(3) 

A e :f(x), X e j^(y) 
=> A s j^(y) 

(4) 

A, B e I(X) 
A - B e X(X-B) 
(5) 

A S J^(X), B e X(X) 
A - B e J^(X - B) 


Vxc/) A Vx^ 
Va;(0 A V) 


(1) 

T ^/3, 7 A /3 K a 
=5- T b' -■a 
(2) 

■y K /3, 7 A /3 ^a 
(3) 

7A3h-a, 7(^3 
7 h- a 


(AiVD„) 
a h /3, a h' /3' => 
a 13 ah' 


a h /3, q' h ^ 
a V a' 1-^/3 


a h a b- /3' =S- 
a A /3 /3' 


Robustness of 


(A1 + +) 






(A1++) 

(1) 

A e x(x), B g :f(x) 

=> A - B e X(X - B) 
(2) 

A e J^(X), B g J^(X) 
A - B e J^(X-B) 
(3) 

A e A<+(X), 

X e Ai+(y) 
A e Ai+(y) 




analogue (jC J ) 






(BatM) 

<^ 1^ Vi </> b^ — i^/i 
A V"' h' 



11 Comments 



The usual rules {AND) etc. are named here (AND^^), as they are in a natural ascending line of similar rules, 
based on strengthening of the filter/ideal properties. 

a\^f3:^ M{a A /3) e J^{M{a)) <^ M{a A -./3) e I{M{a)). 

Thus a 1/ /? <s^ M{a A ^/?) G M+{M{a)). 

a h /? <s^ M(q! A/3) = M(a). 

11.1 Reguleirities 

The rules are divided into 5 groups: 

(1) (Opt), which says that All is optimal - i.e. when there are no exceptions, then a rule holds. 

(2) 3 monotony rules: 

(2.1) (iM) is inner monotony, a subset of a small set is small 

(2.2) (eMX) external monotony for ideals: enlarging the base set keeps small sets small 

(2.3) (emT) external monotony for filters: a big subset stays big when the base set shrinks. 

These three rules are very natural if "size" is anything coherent over change of base sets. In particular, 
they can be seen as weakening. 

(3) («) keeps proportions, it is here mainly to point the possibility out. 

(4) a group of rules x * s, which say how many small sets will not yet add to the base set. 

(5) Rational monotony, which can best be understood as robustness of - where is the set of subsets, 
which are not small, i.e. big or medium size. 

There are more regularities in the table: 

Starting at 3 * s, the properties can be expressed nicely by ever stronger conditions A^"*". 

The conditions Ix (or, equivalently, !Fx) correspond directly to the conditions {AND)^. The other logical and 
algebraic conditions in the same line can be obtained using the weakcining rules (monotony). Thus, {AND)x, 
somewhat surpisingly, reveals itself as, in this sense, the strongest rule of the line x. 

See .... below. 

Thus, we can summarize: 

We can obtain all rules except {RatM) from (Opt), the monotony rules, and x * s. 

11.2 The position of RatMon: 

RatM does not fit intoadding small sets. We have exhausted the combination of small sets by {< u>* s), unless 
we go to languages with infinitary formulas. 

The next idea would be to add medium size sets. But, by definition, 2 * medium can be all. Adding small and 
medium sets would not help either: Suppose we have a rule medium + n* small ^ all. Taking the complement 
of the first medium set, which is again medium, we have the rule 2 * n * small ^ all. So we do not see any 
meaningful new internal rule. i.e. without changing the base set. 

12 Coherent systems 

Definition 12.1 

(+++ Orig. No.: Definition Coherent System +++) 
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LABEL: Definition CoherentSystem 

A coherent system of sizes CS consists of a universe ?7, ^ 3^ C V{U), and for all X Gy I{X) (dually J^{X)). 
We say that CS satisfies a certain property iff all X,Y €:y satisfy this property. 

CS is called basic or level 1 iff it satisfies (iM), (eMI), {eMJ^), (1 * s). 
CS is level n iff it satisfies (iM), {eMI), (eMjT), (n * s). 

Fact 12.1 

(+++ Orig. No.: Fact Not-2*s +++) 

LABEL: Fact Not-2*s 

Let a CS be given s.t. y = ViU). If X e 3^ satisfies Al"*""*", but not (< w * s), then there IsY ^y which does 
not satisfy (2 * s). 

Proof 

(+++*** Orig.: Proof ) 

As X does not satisfy (< w * s), there are small A,B <Z X s.t. AU B € M.'^ . Consider now A\J B as base set 
Y. By {M++) for X, A,B ^ M+{A U B), so A,B e I{A U B), so (2 * s) does not hold for AuB.a 

Fact 12.2 

(+++ Orig. No.: Fact Independence-eM +++) 

LABEL: Fact Independence-eM 

(1) {eMI) and {eMT) (1) are formally independent, though intuitively equivalent. 

(2) {eMJ^) (1) + (2) ^ {eMI). 

Proof 

(+++*** Orig.: Proof ) 

(1) Let U := {x,y,z}, X := {x,z}, y := {U,X}. 

(1.1) Let J^{U) := {A C U : z € A}, J^{X) := {X}. {eMI) holds for X and U, but {z} G J^{U), {z} C X, 
{z} ^ J^{X), so (eMJT) fails. 

(1.2) Let J^{U) := {[/}, J^{X) := {A C X : z G A}. (eMJF) holds trivially, but {eMI) fails, as {a;} G I{X), but 
{x}^J(C/). 

(2) Let C X C F yl G I{X). If A G A^(F), then ^ G M{X), likewise ff A G JP(F), so ^ G I{Y). 
□ 



Fact 12.3 

(+++ Orig. No.: Fact Level-n-n+1 +++) 

LABEL: Fact Level-n-n+1 

A level n system is strictly weaker than a level n+1 system. 
Proof 

(+++*** Orig.: Proof ) 

Consider [/ := {1, . . . , n + 1}, 3^ := P{U) - {0}. Let X([/) := {0} U {{x} : x € U}, I{X) := {0} for X =^ U. 
(iM), {eMI), {eMF) hold trivially, so does (1 * s). {n * s) holds trivially for X ^U, but also for U. {{n * 1) * s) 
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does not hold for U. □ 



13 Ideals, filters, and logical rules 

{In) says Ai, . . . , A„ e I{X) ^ Ai U . . . U A„ 7^ X. 
The proofs for {< oj * s) are analogous. 

13.1 There cire infinitely many new rules 

Note that our schemata allow us to generate infintely many new rules, here is an example: 

Start with A, add si^i, S1.2 two sets small in A U si.i (A U si^2 respectively). Consider now A U si^i U si^2 and 
S2 s.t. S2 is small in A U si.i U .si^2 U 52- Continue with 53^1, 53^2 small in A U si.i U si_2 U S2 U S3_i etc. 

Without additional properties, this system creates a new rule, which is not equivalent to any usual rules. 



1 QR 



14 Facts about M 



14.0.1 Fact R-down-neu 

karl-search= Start Fact R-down-neu 

Fact 14.1 

(+++ Orig. No.: Fact R-down-neu +++) 

LABEL: Fact R-down-neu 

(4) and (5) and the three versions of {A4~^~^) are each equivalent. 
For the third version of we use (eMX) and [eMT). 

karl-search= End Fact R-down-neu 



14.0.2 Fact R-down-neu Proof 

karl-search= Start Fact R-down-neu Proof 

Proof 

(+++*** Orig.: Proof ) 

For A,B^X,{X-B)- {{X - A) - B) = A-B. 

" ^ ": Let A € J='{X), B e I{X), so X - A € I{X), so by prerequisite {X - A) - B e X(X-B), so 
A-B = {X-B)-{{X-A)-B)e J^{X-B). 

" ^ ": Let A,B € I{X), so X - A e T{X), so by prerequisite {X - A) - B e :F(X-B), so A - B = 

{X^B)- {{X -A)-B)e J{X^B). 

The proof for is the same for the first two cases. 

It remains to show equivalence with the last one. We assume closure under set difference and union. 
(1) ^ (3) : 

Suppose A ^ M+{Y), but X G M+{Y), we show A ^ M+{X). So A € I{Y), Y -X ^ T{Y), so A = 

A - (y - X) G x(F - (y - x)) = i{x). 

(3) (1) : 

Suppose A- B ^ I{X-B), B ^ T{X), we show A ^ I{X). By prerequisite A- B e M+{X-B), X - B e 
M+{X), soA-Bg M+{X), so by (eMJ) and (eMJ^) A G M+{X), so A ^ I{X). 

□ 

karl-search= End Fact R-down-neu Proof 
Fact 14.2 

{+++ Orig. No.: Fact 3-^1-3-^2 +++) 
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LABEL: Fact 3-il-3-i2 

(3)^(1) of {M+), (3)^(2) o{{M+). 



Proof 

(+++*** Orig.: Proof ) 

A € I{Y) ^X = {X-A)UA€ T{Y). The other imphcation is analogous. □ 



15 Equivalences between size and logic 

15.0.3 Proposition Ref-Class-Mu-neu 

karl-search= Start Proposition Ref-Class-Mu-neu 

Proposition 15.1 

(+++ Orig. No.: Proposition Ref-Class-Mu-neu -l— I— 1-) 

LABEL; Proposition Ref-Class-Mu-neu 

If f{X) is the smallest A s.t. A e .F(X), then, given the property on the left, the one on the right follows. 

Conversely, when wc define J^{X) {X' : f{X) Q X' C X}, given the property on the right, the one on the 
left follows. For this direction, we assume that we can use the full powerset of some base set ?7 - as is the case 
for the model sets of a finite language. This is perhaps not too bold, as we mainly want to stress here the 
intuitive connections, without putting too much weight on definability questions. 



We assume (iM) to hold. 



(1.1) 


(eMX) 




(nwOR) 


(1.2) 




(2.1) 


(eMX) + (7„) 




{nOR) 


(2.2) 




(3.1) 


(eMX) + (/„) 




inPR) 


(3.2) 




(4.1) 


(/ U disj) 




(ndisjOR) 


(4.2) 




(5.1) 


(MZ) 




inCM) 


(5.2) 




(6.1) 


{M++) 




(iiRatM) 


(6.2) 




(7.1) 






(nAND) 


(7.2) 





karl-search= End Proposition Ref-Class-Mu-neu 



15.0.4 Proposition Ref-Class-Mu-neu Proof 

karl-search= Start Proposition Ref-Class-Mu-neu Proof 

Proof 

(-F-l-h*** Orig.: Proof ) 
(1.1) (eMJ) ^ ii^wOR) : 
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X - f{X) is small in X, so it is small in X U F by (eMJ), so A := X y^Y - {X - f{X)) e r(X U Y), but 
A C /(X) U y, and f{X U F) is the smallest element of J^{X U Y), so /(X U F) C C /(X) U Y. 

(1.2) (^wOi?) ^ (eMI) : 

Let X C y, X' := Y-X. Let .4 e J(X). so X - A e T{X), so /(X) C X-A, so /(X U X') C /(X) U X' C 
(X - ^) U X' by prerequisite, so (X U X') - ((X - A) U X') = ^ G J(X U X'). 

(2.1) (eMJ) + (7,^) ^ (/iOi?) : 

X - /(X) is small in X, F - f{Y) is small in F, so both arc small in X U F by (eMJ), so A := (X - /(X)) U 
(F - /(F)) is smaU in X U F by (/^), but X U F - (/(X) U /(F)) C A, so /(X) U /(F) G r{X U F), so, as 
/(X U F) is the smallest element of ^{X U F), /(X U F) C /(X) U /(F). 

(2.2) (^Oi?) ^ (eMJ) + (/^) : 

Let again X C F, X' := F-X. Let G J(X), so X - G :^(X), so /(X) C X-A. /(X') C X', so 
/(X U X') C /(X) U /(X') <Z{X-A)\JX' by prerequisite, so (X U X') - ((X -A)V^X')=A€ J(X U X'). 

[I^) holds by definition. 

(3.1) (eMJ) + (/„) ^ (/xPi?) : 

Let X C F. F - /(F) is the largest element of J(F), X - /(X) G J(X) C J(F) by (eMJ), so (X - /(X)) U 
(F - /(F)) e J(F) by (/^), so by "largest" X - /(X) C F - /(F), so /(F) n X C /(X). 

(3.2) (/iPi?) ^ (eMJ) + (7^) 

Let again X C F, X' := F-X. Let A G J(X), so X - A G J^(X), so /(X) C X-A, so by prerequisite 
/(F) n X C X-A, so /(F) C X' U (X-A), so (X U X') - (X' iJ{X-A))=Ae J(F). 

Again, (7^^) holds by definition. 

(4.1) (lUdisj) ^ (fidisjOR) : 

If X n F = 0, then (1) A G I{X),B G J(F) ^ AU B € J(X U F) and (2) A G JP(X), B G JP(F) ^ A U P G 
jr(X U F) are equivalent. (By X n F = 0, (X - A) U (F - B) = (X U F) - (A U B).) So /(X) G :^(X), 
/(F) G J^(F) ^ (by prerequisite) /(X) U /(F) G .?^(X U F). /(X U F) is the smallest element of J^{X U F), so 
/(XUF)C/(X)U/(F). 

(4.2) (iidisjOR) =^ {lUdisj) : 

Let X C F, X' := F-X. Let A G J(X), A' G J(X'), so X - A G .^(X), X' - A' G J^(X'), so /(X) C X-A, 
/(X') C X' - A', so /(X U X') C /(X) U /(X') C{X-A)U (X' - A') by prerequisite, so (X U X') - ((X - 
A) U (X' - A')) =AuA'e J(X U X'). 

(5.1) {M+) ^ (mCM) : 

fix) CFCX^X-Fg J(X), X - /(X) G J(X) ^ (by iM+), (4)) A := (X - /(X)) - (X - F) G J(F) 
^Y-A = /(X) - (X - F) G :^^(F) f{Y) C /(X) - (X - F) C /(X). 

(5.2) (mCM) ^ (7W+) 

Let A G JP(X), B G J(X), so /(X) C X - B C X, so by prerequisite /(X - S) C /(X). As A G ^(X), 
/(X) C A, so /(X - B) C /(X) C A n (X - B) = ^-B, and A - B G J^(X-B), so (7W+), (5) holds. 

(6.1) (X++) (fiRatM) : 

Let X C F, Xn/(F) 7^ 0. If F-X G J^{Y), then A := (F-X)n/(F) G J^(F), but by Xn/(F) 7^ A c /(F), 
contradicting "smallest" of /(F). So F - X ^ J^{Y), and by (A1++) X - /(F) = (F - /(F)) - (F - X) G J(X), 

so X n /(F) G nx): so /(X) c /(F) n X. 

(6.2) {(iRatM) => {M++) 

Let A G J^(F), B ^J^{Y). B^TiJ) ^Y-B ^I{Y) =^ (F-B)n/(F) / 0. Set X := F-B, soXn/(F) ^ 0, 
X C F, so /(X) C /(F) n X by prerequisite. /(F) C ^ /(X) C /(F) n X = /(F) - B C ^-B. 

(7.1) (J^) ^ (M^7?) 
Trivial. 

(7.2) ifiAND) ^ (J^) 
Trivial. 
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□ 



karl-search= End Proposition Ref-Class-Mu-neu Proof 



Fact 15.2 

(+++ Orig. No.: Fact i-Rule +++) 

LABEL: Fact i-Rulc 

So (In) is equivalent to the rule: 
a\^Pi,...,a\^f3n=^a\/^f3iV ...V -/3„. 

Proof 

(+++*** Orig.: Proof ) 

Let a |~ . . . , a ^ /?„, so M{a A V ... V -./?„)) = M{a A -./3i) U . . . U M{a A -./?„) ^ M{a), or 
at/-/3i V...V-/3„. 

The converse is analogue. 

□ 



Fact 15.3 

(+++ Orig. No.: Fact i- Reformulation +++) 

LABEL: Fact i-Reformulation 

{In) can be reformulated to Ai, . . . , e I{X) ^ X - {AiU...U A„_i) ^ I{X). 

This translates then to a [~ /3i, . . . , a f--^ a -i/Ji V ... V -^^n-i- 

□ 



16 Strength of {AND) 

Fact 16.1 

(+++ Orig. No.: Fact i+eM-^m +++) 

LABEL: Fact i+eM-im 

{In) + {eMI) entail M+ 
Proof 

(+++*** Orig.: Proof) 

By prerequisite, Xi C ... C X„, and X2 — Xi G I{X2), ■ ■ ■ ,Xn — Xn-i G so by {eMI) 

X2 - Xi,...,Xn - Xn-i G By (J„) X„ - ((X„ - Xn-i) U ... U (X2 - Xi)) = Xi e 

□ 
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Fact 16.2 

(+++ Orig. No.: Fact i+eM-^m(3) +++) 

LABEL: Fact i+eM-im 

(X^) + (eMJ) entail M+ (3) 
Proof 

(+++*** Orig.: Proof ) 

A e J'ix) ^ X-A& i{x) c y -x e i{y) ^ y - a = {y - x)l^{x - A) & i{y) ^ Ae J'(r). □ 

Fact 16.3 

(+++ Orig. No.: Fact i-|-eni-iin(4) +++) 

LABEL: Fact i+em-im 

(X^) + (eMJT) entail M+ (4) 
Proof 

(+++*** Orig.: Proof) 

A,B e I{X) ^ A\JB & I{X) ^ X - {A\JB) e T{X) ^ (by (eMT)) X - {Au B) e J^{X-B) ^ 
{X - B) - {X - {AU B)) = A - B G X(X-B). □ 

Fact 16.4 

(+++ Orig. No.: Fact on omega +++) 

LABEL: Fact on omega 

First, all versions (.„) for all n £ w hold. 

Note that in the following conditions, transitivity is "built in" , so repetition is implicit. 
Prove M+ from [CUM^) and {AND^) : 

(a) (6.1) is equivalent to: A e T{X) (A e I{Y) ^ X e X(F)), follows from: X - ^ is small in X, so in Y, 
A small in Y, so X - {X - A) U A small in Y. 

(6.2) B e I{X) ^ (A e T{X) ^ A€ X(X-B)) or B G I{X) =^ {A € M+{X - B) ^ A e M+{X)), but 

B e i{X) ^x-Be T{X). 

Fact 16.5 

(+++ Orig. No.: Fact em+i +++) 

LABEL: Fact em+i 

Using (eMl), we conclude from (X„) : 

Xi-BG X(Xi), . . . , -Be X(X„_i) ^ (Xi - B) U . . . U (X„_i -B)^ X(Xi U . . . U Xn-i). 

This is equivalent to ai [~ /3, . . . , a„_i \^ (3 =^ ai\/ . . .y a„_i |/ -i/?. 

□ 



Fact 16.6 

(+++ Orig. No.: Fact Reformulation +++) 
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LABEL: Fact Reformulation 

We reformulate 

(JF„) : Si e J'iX), ...,B„e T{X) ^ Bi n . . . n B„ 7^ or Bi n . . . n 2 X - B„, thus 

a I- /3i, . . . , a I- /3„ =^ a A /3i A . . . A /3„_i 1/ -./3„. 

Or: e . . . , An-i £ ^ X - (Ai U . . . U A„_i) ^ J(X), so by (eMjP) (2) X - (Ai U . . . U A„_i) ^ 

T(X - (Ai U . . . U A„_2)), thus 

a ^ . . . , a ^ ^ a A /3i A . . . A /3„_2 -'/3„-i. 

(This seems to be the only time we use (2) of {eMJ^). Check all proofs of [eMJ^) if (2) holds, too.) 
□ 



Fact 16.7 

(+++ Orig. No.: Fact i+eM-^Rules +++) 

LABEL: Fact i+eM-iRules 

Let n > 3. 

(1) In the presence of (iM), (eMJ), {eMT), (AND^) implies (Oi?„) and (CM„). 

(2) (IM), (eMJ), (eMT), (ORn) do not imply (AiV£)„). 

(3) (iM), (eMI), (eMjP), (CM„) do not imply {AND J. 

Proof 

(+++*** Orig.: Proof ) 

(1) 

(2) 

Consider 

[/ := {1, . . . , n + 1}, I{U) := {0} U {{i} : 1 < i < n}, 
X :={!,..., n}, I{X) := {0} U {{i} :l<i<n}, 
I{Y) := {0} for all other Y CU. 

{AND„) fails for X, (iM), (eMJ), (eMJF), (ORn) hold: 
(AA/'i)^) fails: trivial. 
(iM) holds: trivial. 

(eMJ) holds: trivial 

(eMjF) (1) holds: trivial as all big subsets of any Y are either Y or Y—{x} for some x €Y,so if V— {a;} C V C y, 
then Y -{x} = Y'. 

(eMJP) (2) holds: IfY = X oiY = U, then iorACY Ae M+{Y) iff A contains at least 2 elements. If y ^ X, 
Y ^U, then for A C y A e A^+(y) iff A is not empty. These properties are inherited downward. 

(ORn) holds: Let ai |~ /3, . . . , |~ /?, we have to show ai V . . . V Q!„-i If ai is neither X nor [/, 

aj |~ /3 is aj h /3. So the only exceptions to h /? can be some {«} : 1 < i < n, but there can be only one such 
i, as otherwise ai A would be which is not small. But aj contains at least 2 s.t. j, j' e aj A /?, 

and 2-element sets are not small, so ai V ... V an-i I/' 

It seems that even {OR^) holds. 
(3) 

Consider 

f7 := {1, . . . , n + 1}, T(U) -.^ {A C U : n + I e A}, 
X :={!,..., n}, I{X) := {0} U {{t} : 1 < « < n}. 
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for all other Y C U let 

J^{Y) := {yl C y : n + 1 e A} if n + 1 G y, and 

jr(y) := {y} if n + 1 Y. 

Thus, (ANDn) fails in X, for allYCU,Y^X{<w*s) holds, and (iM), (eMJ), (eMJT) hold. (CM„) (2) 

holds, too: 

{AND„) fails: trivial, 
(im) holds: trivial. 
(eMJ) holds: trivial 

(eMJF) (1) holds: If A C y' C y is big in y, n + 1 G Y, then n + 1 G ^, so n + 1 G y', and A C y' is big. If 

A C y C y is big in y, n + 1 ^ y then A = Y'. 

{eMT) (2) holds: If n + 1 G y, then there are no medium size sets. If y = X, then for A C y A G M+{Y) iff A 
contains at least 2 elements. Otherwise, A G M'^iY) iff A is not empty. These properties inherit downwards. 

(CM„) (2) holds: 

((CM„) version (1) fails here.) 

Let a \^ . . . ,a f~ /3n-i, we have to show a A /3i A ... A /3„_2 |/ ^(3n-i- 

Let a correspond to Y with n + 1 G y. Then n + 1 G a A /3i for alH, so a A /3i A . . . A /3„_2 ^~ /3n-i- 
Let a correspond to y 7^ X with n + 1 ^ y. Then a [~ /3i is a\- 

Let a correspond to X. 

If a A /3i A ... A /3„_2 still corresponds to X = a, then a |~ (in-i- 
ll not, a A /3i A ... A /3n-2 l~ ~'Pn-i is a A /3i A ... A /3„_2 I 'Pn-i- a A /3i A ... A /?„_2 contains at least 2 

elements, and a A ^(3n-i at most one element, so a A /3i A ... A /3n_2 I — 'Pn-i cannot be. 

Does (CA4,) hold here? 
□ 



Fact 16.8 

(+++ Orig. No.: Fact More-Rules +++) 

LABEL: Fact Moro-Rulcs 

(1) In the presence of (iM), (eMJ), (eMT) (AND^) imply (OR^), {CM^), (7W+). 

(2) (iM), (eMJ), [eMT), (OR^) do not imply (AND^). 

(3) (iM), (eMJ), (eMT), (CM^) do not imply (AND^). 

(4) (iM), (eMJ), (eMjC-), {M+) do not imply (AND^). 

(5) (iM), (eMJ), (eMJT), (OR^), {CM^) imply (AA^D^). 

Proof 

(+++*** Orig.: Proof) 

(5): Let A,B CX small, then A small in X-B, B small in A-A, so A U B small in {X ~ B)\J (A-A). 

iCUM^) : By (AiVD^) is V small, so A - (^/3 V -./?') is big in A, thus a fortiori big in X - {-^(3). (The 
argument does not work properly with small sets!) 

[ORuj) : a A -1/3 is small in a, a' A -i/? is small in a', so a fortiori small in a V a'. (The argument does not work 

properly with big sets!) 

A e T(X), X e J'(y) ^ A e M+{Y) is also weaker, as first small is "diluted" 
{M+) (6.3): A - A is small in A, so a fortiori in Y. 
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17 Div. 

++++++++++++++++++++++++++++++++++++++++++++++ 

17.0.5 Plausibility Logic 

karl-search= Start Plausibility Logic 

17.1 Plausibility Logic 

LABEL: Section Plausibility Logic 

17.1.0.1 Discussion of plausibility logic 

(+++*** Orig.: Discussion of plausibility logic ) 

LABEL: Section Discussion of plausibility logic 

Plausibility logic was introduced by D. Lehmann [Leli92a| . |Leh92b| as a sequent calculus in a propositional 
language without connectives. Thus, a plausibility logic language C is just a set, whose elements correspond to 
propositional variables, and a sequent has the form X |~ Y, where X, Y are finite subsets of C, thus, in the 
intuitive reading, /\X |~ Y F. (We use |~ instead of the h used in |Leh92aj , [Leh92bj and continue to reserve 
h for classical logic.) 

17.1.0.2 The details: 

(+++*** Orig.: The details: ) 

LABEL: Section The details: 

Notation 17.1 

(+++ Orig. No.: Notation Plausi-1 +++) 

LABEL: Notation Plausi-1 

We abuse notation, and write X \^ a for X |~ {a}, X,a \^ Y for X U {a} |^ Y, ah |~ Y for {a, 6} |~ F, etc. 
When discussing plausibility logic, X, Y, etc. will denote finite subsets of £, a, 6, etc. elements of C. 

We first define the logical properties we will examine. 
Definition 17.1 

(+++ Orig. No.: Definition Plausi-1 +++) 

LABEL: Definition Plausi-1 

X and Y will be finite subsets of £, a, etc. elements of C. The base axiom and rules of plausibility logic are 
(we use the prefix "PI" to differentiate them from the usual ones): 

(PlI) (Inclusion): X \^ a for aU a G X, 

(PIRM) (Right Monotony): X Y :=> X \^ a,Y, 

(PICLM) (Cautious Left Monotony): X |- a, X |- F ^ X, a |- F, 

(PlCC) (Cautious Cut): X, oi . . . a„ |- F, and for alll < i < n X \^ ai,Y ^ X |- Y, 

and as a special case of (PlCC): 

(PIUCC) (Unit Cautious Cut): X,a y^Y , X \^ a,Y ^ X Y-Y. 

and we denote by PL, for plausibility logic, the full system, i.e. [PIT) + {PIRM) + (PICLM) + (PlCC). 

We now adapt the definition of a preferential model to plausibility logic. This is the central definition on the 
semantic side. 



Definition 17.2 

(+++ Orig. No.: Definition Plausi-2 +++) 

LABEL: Definition Plausi-2 

Fix a plausibility logic language C A model for C is then just an arbitrary subset of L. 

If :=< M, ^> is a preferential model s.t. M is a set of (indexed) £— models, then for a finite set X C £ (to 
be imagined on the left hand side of |^!), we define 

(a) TO h ^ iff ^ ^ "1 

(b) M{X) :— {m: < to, i >£ M for some i and to |= X} 

(c) [i{X) := {to e M{X): 3<m.,i>e < m',i' >G M (to' e M{X) A < m',i' >-« m,i >)} 

(d) X ^mY iS Vto e n{X).m n F / 0. 

(a) reflects the intuitive reading oi X as /\ X, and (d) that oiY as X/Y \\i X |~ F. Note that X is a set of 
"formulas", and n{X) = hm{M{X)). 

We note as trivial consequences of the definition. 

Fact 17.1 

(+++ Orig. No.: Fact Plausi-1 +++) 

LABEL: Fact Plausi-1 

(a) a ^jVi b iff for all to G fi(a).b G to 

(b) x^mYiS ^i{x) c [j{M{b) : 6 G y} 

(c) TO G n{X) A X C X' A m e M{X') ^ to G 

We note without proof: {PlI) + (FIRM) + (PlCC) is complete (and sound) for preferential models 
We note the following fact for smooth preferential models: 

Fact 17.2 

(+++ Orig. No.: Fact Plausi-2 +++) 

LABEL: Fact Plausi-2 

Let U, X, Y be any sets, M be smooth for at least {Y, X} and let n{Y) C UUX, ^i{X) C U, then Xr\Yr^^l{U) C 
^J-{Y). (This is, of course, a special case of {fiCuml), see Definition 117.41 fpage ll48p . 

Example 17.1 

(-1— l-l- Orig. No.: Example Plausi-1 +++) 

LABEL: Example Plausi-1 

Let C :— {a, 5, c, d, e, /}, and X :— {a b, b \^ a, a |~ c, a fd, dc \^ ba, dc e, fcba |^ e}. (fd stands for 
f,d etc.) Note that, intuitively, left of |~ stands a conjunction, right of |^ a disjunction - in the tradition of 
sequent calculus notation. We show that X does not have a smooth representation. 

Fact 17.3 

(+++ Orig. No.: Fact Plausi-3 +++) 

LABEL: Fact Plausi-3 

X does not entail a |~ e. 
See |Sch96-3| for a proof. 

Suppose now that there is a smooth preferential model Ai =< M, -<> for plausibility logic which represents |~, 
i.e. for all X, Y finite subsets of £ X F iff X h.M Y. (See Definition [Tf:^ (page MB and Fact [T7U] (page 

nm .) 



a\^a, a\^b, a\^c implies for m € fJ'ia.) a,b,c d m. Moreover, as a |~ d/, then also o? G m or / G m. As a [9^ e, 
there niust be m S /i(a) s.t. e ^ m. Suppose now m £ /x(a) with / S to. So a,b,c,f G to, thus by to G /x(a) 
and Fact 117.11 (page [MS]) , m G fi{a,b,c, f). But /c6a |~ e, so e G to. We thus have shown that to G fj,{a) and 
f G m implies e G to. Consequently, there must be to G A'(a) s.t. d d m, e ^ m. Thus, in particular, as cd \^ e, 
there is to G /i(a), a,b,c,d G m, m ^ fi{cd). But by cd ab, and b |~ a, /Lt(cd) C M{a) U M(5) and ^(6) C M(a) 
by Fact [T77T] (page [Ti5)) . Let now T := M{cd), R := M(a), S' := M(5), and /j,m be the choice function of the 
minimal elements in the structure M, we then have by ii{S) — ^m{^^{S)): 

1. ^iM{T) QRUS, 

2. 1^m{S) C R, 

3. there is to G 5 n T n fJ.M{R), but to liM{T), 
but this contradicts above Fact 117.21 (page I145P . 
karl-search= End Plausibility Logic 



17.1.1 Arieli-Avron 

karl-search= Start Arieli-Avron 

17.2 A comment on work by Arieli and Avron 

LABEL: Section Arioli-Avron 

We turn to a similar case, published in [A AOOj . Definitions are due to |AAOO| . for motivation the reader is 
referred there. 

We follow here the convention of Arieli and Avron and use upper-case Greek letters for sets of formulae. At 
the same time this different notation should remind the reader that sets of formulae are read as conjunctions 
on the left of ^, and as disjunctions on the right of |~ . 

Definition 17.3 

(+++ Orig. No.: Definition Arieli-Avron- 1 +++) 

LABEL: Definition Arioli-Avron- 1 

(1) A Scott consequence relation, abbreviated scr, is a binary relation h between sets of formulae, that satisfies 
the following conditions: 

(s-R) if rn A ^ 0, the r h A (M) if F h A and F C F', A C A', then F' h A' (C) if F h V, A and F', h A', 
then F,F' h A, A' 

(2) A Scott cautious consequence relation, abbreviated sccr, is a binary relation ^ between nonempty sets of 
formulae, that satisfies the following conditions: 

(s-R) if F n A ^ 0, the F A (CM) if F |~ A and F |~ V, then F, i/' A (CC) if F V' and F, -0 \ then 
F I- A. 

Example 17.2 

(-I--I--I- Orig. No.: Example Arieli-Avron- 1 +++) 

LABEL: Example Arieli-Avron- 1 

We have two consequence relations, h and ^ . 

The rules to consider are 

T nnn r| ,A...r|~i/)„,Ar,i/'i,...,V'nl~'^ 
rl ~A 
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DTl/n r\^i.Ai=l...nT,ipi,...,4>„h4> 

r|~</>,A 

Cum r, A 7^ 0, r h A ^ r I- A 
RM r A ^ r t/-, A 

s-i?rnA7^0^r|-A 

M r h A, r c r, A c A' ^ r h A' 

^ rih;/>,Air2,i>HA2 
•-^ ri.raHAi.Aa 

Let C be any set. Define now ri-AifFrnA7^0. Then s - R and M for h are trivial. For C : If Ti n Ai 7^ 
or Fi n Ai 7^ 0, the result is trivial. If not, ip ^ Ti and ip ^ A2, which implies the result. So h is a scr. 

Consider now the rules for a sccr which is h —plausible for this h . Cum is equivalent to s— R, which is essentially 
(PlI) of Plausibility Logic. Consider RW''\ If 4> is one of the ipi, then the consequence F ^ 0, A is a case of one 
of the other hypotheses. If not, (p £ T, so T ^ </) by s— R, so F \^ (j>,A by RM (if A is finite). So, for this h, 
i?VF" is a consequence of s — i? + RM. 

We are left with LCC", RM, CM, s-R, it was shown in |Sch04| and |Sch96-3j that this does not suffice to 
guarantee smooth representability, by failure of (/iCuml) - see Definition 117.41 fpage I148| ) . 

karl-search= End Arieli-Avron 



17.2.1 Comment Cum-Union 

karl-search= Start Comment Cum-Union 

Comment 17.1 

(+++ Orig. No.: Comment Cum-Union +++) 

LABEL: Comment Cum-Union 

We show here that, without sufficient closure properties, there is an infinity of versions of cumulativity, which 
collapse to usual cumulativity when the domain is closed under finite unions. Closure properties thus reveal 
themselves as a powerful tool to show independence of properties. 

We work in some fixed arbitrary set Z, all sets considered will be subsets of Z. 

Unless said otherwise, we use without further mentioning (iiPR) and (/i C). 

karl-search= End Comment Cum-Union 



17.2.2 Definition Cum-Alpha 

karl-search= Start Definition Cum-Alpha 

Definition 17.4 

(+++ Orig. No.: Definition Cum-Alpha +-f-l-) 
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LABEL: Definition Cum-Alplia 

For any ordinal a, we define 
(fiCuma) : 

If for all ^ < a C [/ U U{^7 ■ 1 < P} hold, then so does Cli^j : 7 < a} n ^i{U) C ^(X^). 

(fiCumta) : 

If for all /3 < a //(^/s) C [/ U U{^7 ■ 1 < P} hold, then so does n ^(C/) C 
( " t " stands for transitive, see Fact HTil fpage [T^ , (2.2) below.) 

{fiCumoo) and (fiCumtoo) will be the class of all (fiCuma) or (fiCumta) - read their "conjunction", i.e. if we 
say that (fiCumoo) holds, we mean that all (fxCuma) hold. 

karl-search= End Definition Cum- Alpha 



17.2.3 Note Cum- Alpha 

karl-search= Start Note Cum- Alpha 

17.2.3.1 Note 

(+++*** Orig.: Note ) 

LABEL: Section Note 

The first conditions thus have the form: 
ifiCumO) fj.{Xo) CU ^ XqC] Ai(C/) C fi{Xo), 

ifiCuml) n{Xo) C U, ii{Xi) C [/ U Xo ^ Xo n n fi{U) C n{Xi), 

{iiCum2) n{Xo) c u, niXi) cuuXq, ^(^2) c [/ u u Xi Xo n Xi n n /i([/) c ^^(^2). 

(liCumta) differs from (iiCuma) only in the consequence, the intersection contains only the last Xa - in 
particular, (fiCumO) and (fiCumtO) coincide. 

Recall that condition (fiCuml) is the crucial condition in [Leh92a| . which failed, despite (fiCUM), but which 
has to hold in all smooth models. This condition (fxCuml) was the starting point of the investigation. 

We briefly mention some major results on above conditions, taken from Fact 117.41 (page [T55|) and shown there 
- we use the same numbering: 

(1.1) (fiCuma) — + [fiCumf]) for all /3 < a 

(1.2) {jiCumta) {fiCunitp) for all (3 < a 

(2.1) All {jiCuma) hold in smooth preferential structures 

(2.2) All (iiCumta) hold in transitive smooth preferential structures 

(3.1) {^iCum(3) + (U) {pCuma) for all /3 < a 

(3.2) {nCumtp) + (U) (fiCumta) for all /3 < a 

(5.2) {iiCuma) ^ {jiCUM) for all a 

(5.3) ifiCUM) + (U) ^ iiiCuma) for all a 
karl-search= End Note Cum- Alpha 
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17.2.4 Definition HU-All 



karl-search= Start Definition HU-All 

The following inductive definition of H(U,u) and of the property (HU,u) concerns closure under {^Cumoo), 
its main property is formulated in Fact 117.71 (page I157P , its main interest is its use in the proof of Proposition 
D-4.4.6. 

Definition 17.5 

(+++ Orig. No.: Definition HU-All +++) 

LABEL: Definition HU-All 

{H{U,u)^, H{U)a„ {HU,u), (HU).) 
H{U,u)o U, 

H{U,u)a+i := H{U,u)a U U{^ : u e X ^ ^i{X) C H{U,u)o,}, 
H{U,u)x := [j{H{U,u)a : a < X} for limit{X), 

H{U,u) := [J{H{U,u)a : a < k} for k sufficiently big {card{Z) suffices, as 
the procedure trivializes, when we cannot add any new elements). 
[HU, u) is the property: 

u e ^([/), u e r - ^(r) fi{Y) % H{U, u) - of course for all u and U. {U, Y ey). 
For the case with (U), we further define, independent of u, 
H{U)o := U, 

H{U)^+i := H{U)^ U U{^ : A^(^) C H{U)^], 
H{U)x := [j{H{U)o, : a < A} for limit{\), 
H{U) :~ [J{H{U)a : a < k} again for k sufficiently big 
(HU) is the property: 

u e fj.{U), ueY - n{Y) -> n{Y) 2 H{U) - of course for all U. {U, Y ey). 

Obviously, H{U,u) C H{U), so (HU) {HU,u). 
karl-search= End Definition HU-All 



17.2.5 Definition St-Tree 

karl-searcli= Start Definition St-Tree 

Definition 17.6 

(+++ Orig. No.: Definition St-Tree +++) 

LABEL: Definition St-Tree 

(ST-trees and (iiST)) 
Let u e fJ.{U). 

A tree t (of height < uj) is an ST-tree for < u,U > iff 

(1) the nodes are pairs < x,X > s.t. x G /i(A) 

(2) Level 0: 

< u,U > is the root. 



(3) Level n ^ n + 1 

Let < Xn,Xn > be at level n (so x„ £ fi{Xn))- 

(3.1) For all X^+i G y s.t. a;„ G -^^n+i ^ /"(-'^n+i) there is a successor < Xn+i, Xn^i > of < a;„, X„ > in i with 
a;n+i e A'l-'^n+i) ^^^d .T„+i ^ H{Xn,Xn) and for all predessors < x' ,X' > of < x„,X„ > also Xn+i ^ H{X',x'). 

(3.2) For all Xn+i £ 3^ s.t. x„ G ^(X„+i) and s.t. there is a successor < x',^_^_l, X'^^^ > of < a;„,X„ > in t with 
x[^^i £ -'^n+i — ^J■{Xn+l) there is a successor < Xn+i, Xn+i > of < a;„,X„ > in t with a;„+i £ /x(X„+i) and 
Xn+i ^ H{Xn, Xn) and for all predessors < x' , X' > of < Xn, Xn > also Xn+i ^ H{X\ x'). 

Finally {ijlST) is the condition: 

For aU [/ £ M £ ii{U) there is an ST-tree ior < u,U > . 
karl-search= End Definition St-Tree 



17.2.6 Example Inf-Cum- Alpha 

karl-search= Start Example Inf-Cum- Alpha 

Example 17.3 

(+++ Orig. No.: Example Inf-Cum- Alpha +++) 

LABEL: Example Inf-Cum-Alpha 

This important example shows that the conditions {jiCuma) and {nCumta) defined in Definition 117.41 (page 
I148P are all different in the absence of (U), in its presence they all collapse (see Fact 117.11 (page [1331) below). 
More precisely, the following (class of) examples shows that the (iiCuma) increase in strength. For any finite 
or infinite ordinal k > we construct an example s.t. 

(a) ifiPR) and (^ C) hold 

(b) {iiCUM) holds 

(c) (fl) holds 

(d) (fiCumta) holds for a < k 

(e) {fiCurriK) fails. 

Proof 

(+++*** Orig.: Proof ) 

We define a suitable base set and a non-transitive binary relation -< on this set, as well as a suitable set A! of 
subsets, closed under arbitrary intersections, but not under finite unions, and define fj, on these subsets as usual 
in preferential structures by -< . Thus, (fiPR) and {fj, C) will hold. It will be immediate that {jiCumK) fails, 
and we will show that (fiCUM) and (fiCumta) for a < k hold by examining the cases. 

For simplicity, we first define a set of generators for X, and close under (p|) afterwards. The set U will have 
a special position, it is the "useful" starting point to construct chains corresponding to above definitions of 
{fiCuma) and {^Cumta). 

In the sequel, i,j will be successor ordinals, A etc. limit ordinals, a, (3, k any ordinals, thus e.g. A < k will 
imply that A is a limit ordinal < k, etc. 

17.2.6.1 The base set and the relation 

(+++*** Orig.: The base set and the relation b: ) 

LABEL: Section The base set and the relation b: 
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K > is fixed, but arbitrary. We go up to k > 0. 

The base set is {a, b, c} U {dx : A < k} U {xa : a < k + 1} U {x'^ : a < k}. a < b < c, x^ -< Xa+\, x^ -< x'^, 
x'q -< x\ (for any A) - ^ is NOT transitive. 

17.2.6.2 The generators: 
(+++*** Orig.: The generators: ) 

LABEL: Section The generators: 

U := {a, c, xq) U {d\ : A < k} - i.e {^a : lim{X) A A < k}, 

Xi := {c,Xi,x[,Xi+x} {i < k), 

Xx := {c, dx, XX, x'x, xx+i} U {a;^ : a < A} (A < k), 

X'l^ := {a, 6, c, x^, x'^, x^+i} if k is a successor, 

X'l^ := {a, 6, c, d^, x^, x'^, Xk+i} U {x'^ : a < k} if k is a Umit. 

Thus, X'^ = X^U {a, b} if X^ were defined. 

Note that there is only one X'^, and X^ is defined only for a < k, so we will not have X^ and X'^ at the same 
time. 

Thus, the values of the generators under n are: 
/x(C/) = U, 

li{Xi) = {c,Xi}, 

fi{Xx) = {c, dx} li{x'^:a< A}, 

n{X'-) = {a, Xi} {i > 0, i has to be a successor), 

fi{X'^)^{a,dx}U{x[^:a<\}. 

(We do not assume that the domain is closed under /z.) 

17.2.6.3 Intersections: 

(+++*** Orig.: Intersections: ) 

LABEL: Section Intersections: 

We consider first pairwise intersections: 

(1) unx„ = {c,xo}, 

(2) unx,^{c},i>o, 

(3) UnXx = {c,dx}, 

(4) UnX^ = {a,c} {t > 0), 

(5) UnX'^ = {a,c,dx}, 

(6) Xi n Xj : 

(6.1) i = i + l {c,Xi+i}, 

(6.2) else {c}, 
{7)XinXx: 
{7.1) i<X{c,x'i}, 

(7.2) i = A+1 {c.xx+i}, 

(7.3) i > A + 1 {c}, 

(8) Xx n : {c} U {x^ : a < mm(A, A')}. 
As X'^ occurs only once, Xa H X'^ etc. give no new results. 
Note that fi is constant on all these pairwise intersections. 
Iterated intersections: 
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As c is an element of all sets, sets of the type {c, z} do not give any new results. The possible subsets of 

{a,c,d\} : {c}, {a,c}, {c,d\} exist already. Thus, the only source of new sets via iterated intersections is 
Xx n Xxi = {c} U {x'^ : a < min{X, A')}. But, to intersect them, or with some old sets, will not generate any 
new sets either. Consequently, the example satisfies {f]) for X defined by U, Xi {i < k), X\ (A < k), X^, and 
above paiwise intersections. 

We will now verify the positive properties. This is tedious, but straightforward, we have to check the different 
cases. 

17.2.6.4 Validity of {ixCUM): 
(+++*** Orig.: Validity of ( mCUM): ) 

LABEL: Section Validity of ( mCUM): 

Consider the prerequisite C F C X. If ii{X) = X oy \i X — IJ.{X) is a singleton, X cannot give a violation 

of (fiCUM). So we arc left with the following candidates for X : 

(1) Xi := {c,Xi,x'^,Xi+i}, n{Xi) = {c,Xi} 

Interesting candidates for Y will have 3 elements, but they will all contain a. (If k < a; : f/ = {o, c, xq}.) 

(2) Xx := {c, dx, Xx, x\, xx+i) U : a < A}, ii{Xx) = {c, dx} U : a < A} 

The only sets to contain dx are Xx, U, UtlXx- But a gU, and UOXx ist finite. {Xx and cannot be present 
at the same time.) 

(3) X'- := {a,b,c,Xi,x'-,Xi+i}, ^{X^ = {a,a;J 

a is only in U, X^, U C\X[ = {a, c}, but Xi ^ U, a.s i > 0. 

(4) := {a, b, c, dx, xx, x'^, xx+i} U {x'^ : a < A}, /x(Xj^) = {a, dx} U {x'^ : a < X} 
dx is only in X'^ and U, but U contains no x'^. 

Thus, {nCUM) holds trivially. 

17.2.6.5 (fiCumta) hold for a < k: 
(+++*** Orig.: ( mCumt a) hold for aj k: ) 

LABEL: Section ( mCumt a) hold for aj k: 

To simplify language, we say that we reach Y from X iS X ^ Y and there is a sequence X^, P < a and 
f^i^p) Q X Li [J{X^ : 7 < /?}, and Xa = Y, Xq = X. Failure of {iiCumta) would then mean that there are X 
and Y, we can reach Y from X, and x £ {^{X)C[Y) — li{Y). Thus, in a counterexample, Y = ^i{Y) is impossible, 

so none of the intersections can be such Y. 

To reach Y from X, we have to get started from X, i.e. there must be Z s.t. iJi{Z) Q X, Z % X [so IJ,{Z) ^ Z). 
Inspection of the different cases shows that we cannot reach any set Y from any case of the intersections, except 
from (1), (6.1), (7.2). 

If Y contains a globally minimal element (i.e. there is no smaller element in any set), it can only be reached 
from any X which already contains this element. The globally minimal elements are a, xq, and the dx, X < k. 

By these observations, we see that Xx and X'^ can only be reached from U. From no X^ U can be reached, 
as the globally minimal a is missing. But U cannot be reached from X'^ either, as the globally minimal xq is 

missing. 

When we look at the relation -< defining /x, we see that we can reach Y from X only by going upwards, adding 
bigger elements. Thus, from X^, we cannot reach any Xf^, (5 < a, the same holds for X'^ and X^, jS < k. Thus, 
from X'l^, we cannot go anywhere interesting (recall that the intersections are not candidates for a Y giving a 

contradiction) . 

Consider now Xa- We can go up to any Xa+n, but not to any Xx, a < X, as dx is missing, neither to X'^, as 
a is missing. And we will be stopped by the first A > a, as xx will be missing to go beyond Xx- Analogous 
observations hold for the remaining intersections (1), (6.1), (7.2). But in all these sets we can reach, we will 
not destroy minimality of any element of Xa (or of the intersections). 

Consequently, the only candidates for failure will all start with U. As the only element of U not globally minimal 



1 KO 



is c, such failure has to have c&Y — n{Y), so Y has to be X^. Suppose we omit one of the in the sequence 
going up to X'^. If K > A > a, wc cannot reach Xx and beyond, as x'^ will be missing. But we cannot go to 
Xa+n either, as Xa+i is missing. So we will be stopped at Xa- Thus, to see failure, we need the full sequence 
U = Xo, X'^ = y«, = Xa for < a < k. 

17.2.6.6 {fiCuniK) fails: 
(+++*** Orig.: ( mCum k) fails: ) 

LABEL: Section ( mCum k) fails: 

The full sequence U = X^, X'^^ = Y^, Y^ = X,^ for < a < k shows this, as c G ^i{U) n X'^^, but c ^ 
Consequently, the example satisfies (jiCUM), [iiCumta) for a < k, and {iiCurriK) fails. 
□ 

karl-search= End Example Inf-Cum- Alpha 



17.2.7 Fact Cum-Alpha 

karl-search= Start Fact Cum-Alpha 

Fact 17.4 

(+++ Orig. No.: Fact Cum-Alpha +++) 

LABEL: Fact Cum-Alpha 

We summarize some properties of (/xCwma) and {fj.Cumta) - sometimes with some redundancy. Unless said 
otherwise, a, f3 etc. will be arbitrary ordinals. 

For (1) to (6) inPR) and (/x C) are assumed to hold, for (7) only Q). 

(1) Downward: 

(1.1) {fiCuma) {fiCum(3) for all /? < a 

(1.2) {fiCumta) {fjbCumtfi) for all /? < a 

(2) Vahdity of (iiCuma) and (fxCumta): 

(2.1) All (fiCuma) hold in smooth preferential structures 

(2.2) All (jiCumta) hold in transitive smooth preferential structures 

(2.3) {jiCumta) for < a do not necessarily hold in smooth structures without transitivity, even in the presence 

of (ri) 

(3) Upward: 

(3.1) {^iCum(3) + (U) (nCuma) for all /? < a 

(3.2) {fxCumtP) + (U) {iiCumta) for all (3 < a 

(3.3) {{iiCumt(3) : /3 < q} + (iiCUM) + (fl) {jiCuma) for a > 0. 

(4) Connection {fiCuma) / {fiCumta): 

(4.1) (iiCumta) (fiCuma) 

(4.2) (fiCuma) + (f|) 7^ [fiCumta) 

(4.3) [fiCuma) + (U) (fiCumta) 

(5) inCUM) and {iiCumi): 
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(5.1) iiiCUM) + (U) entail: 

(5.1.1) fj,{A) C B ^ IJ,{AUB) = fi{B) 

(5.1.2) n{X) CU,U CY ^ IJ,{YUX)= ij.{Y) 

(5.1.3) /x(X) CU,UCY ^ fi{Y) nX C fi{U) 

(5.2) iiiCuma) {piCUM) for all a 

(5.3) (^iCUM) + (U) ^ iiiCuma) for all a 

(5.4) i^iCUM) + (n) ^ (pCumO) 

(6) iiiCUM) and {^iCumta): 

(6.1) (nCumta) (nCUM) for all a 

(6.2) (iiCUM) + (U) ^ iiiCumta) for all a 

(6.3) {nCUM) 7^ {nCumta) for all a > 

(7) (/iCumO) ^ (/xPi?) 
karl-search= End Fact Cum- Alpha 



17.2.8 Fact Cum-Alpha Proof 

karl-search= Start Fact Cum-Alpha Proof 

Proof 

(+++*** Orig.: Proof) 

We prove these facts in a different order: (1), (2), (5.1), (5.2), (4.1), (6.1), (6.2), (5.3), (3.1), (3.2), (4.2), (4.3), 
(5.4), (3.3), (6.3), (7). 

(1.1) 

For /3 < 7 < a set X^ := X^. Let the prerequisites of (/LiCum/3) hold. Then for 7 with (3 K'j < a ij,{Xj) C by 
{fi C), so the prerequisites of {nCuma) hold, too, so by (nCuma) f]{Xs : S < /3}n/i(?7) = Di-'^* • ^ — Q!}n/i(f7) 
C ^(X,) = ii{X0). 

(1.2) 

Analogous. 
(2.1) 

Proof by induction. 

(liCumO) Let /i(-^o) Q U, suppose there is x e fi'{U) fl {Xq — /x(Xo)). By smoothness, there is y ~< x, y G 
l^i^o) Q U, contradiction (The same arguments works for copies: all copies of x must be minimized by some 
y € ij.{Xq), but at least one copy of x has to be minimal in U.) 

Suppose {^CumP) hold for all /3 < a. We show (nCuma). Let the prerequisites of (/xCwma) hold, then those 

for (fiCumP), [3 < a hold, too. Suppose there is x £ /x(C/) nP|{X-y : 7 < a} — ^(X^). So by {^Cum.[3) for /3 < a 
X G IJ'iXjj) moreover x € /u(C/). By smoothness, there is y € A*(-'^a) C C/ U U{^/3 • < Q:}> 2/ ^ ^) but this is a 
contradiction. The same argument works again for copies. 

(2.2) 

We use the following Fact: Let, in a smooth transitive structure, fJ^iXp) C U U [j{Xj : 7 < /?} for all fi < a, 
and let x G l^{U). Then there is no j/ ^ x, y G C/ U 1J{^7 • 7 — "^l- 

Proof of the Fact by induction: a = : y G U is impossible: if y G Xq, then if y G A*(Xo) C U, which is 
impossible, or there is 2; G ^.{Xq), z ~< y, so z ~< x hy transitivity, but ii{Xq) C U. Let the result hold for all 
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(3 < a, but fail for a, so -<3y -< x.y G U U U{-'^7 • 7 < Q^}> but 3y -< x.y G U U U{-^7 • 7 ^ o;}, so y € X^. If 
y G iJ,{Xa), then y e C/ U U{^7 • 7 < Q^Ij but this is impossible, so y G — ^{Xa), let by smoothness z -< y, 
z G fj,{Xoc), so by transitivity z ^ x, contradiction. The result is easily modified for the case with copies. 

Let the prerequisites of {i^Cumta) hold, then those of the Fact will hold, too. Let now x G l^{U) (1 {X^ — /u(Xq,)), 
by smoothness, there must be y -< a;, y G M(^a) C {/ u U{^7 • 7 < contradicting the Fact. 

(2.3) 

Let a > 0, and consider the following structure over {a,6, c} : U := {a,c}, Xq := {6,c}, X^ ■= ■•• := 
Xi := {a,b}, and their intersections, {a}, {b}, {c}, with the order c ~< b ^ a (without transitivity). This 
is preferential, so {ijlPR) and (/z C) hold. The structure is smooth for U, all X/j, and their intersections. 
We have n{Xo) C U, ^i{Xf3) C U U Xa for all /? < a, so /i(X^) C [/ U U{^7 : 7 < /?} for all /3 < a but 
n A<(i7) = {a} 2 {6} = A«(X«) for a > 0. 

(5.1) 

(5.1.1) /x(A) C B ^ A'(^ U B) C ^i{A) U m(5) C B ^(^cc/m) m(S) = m(^ U B). 

(5.1.2) /i(X) C [7 C F ^ (by (1)) ti{Y U X) = ^(F). 

(5.1.3) /i(y) n X = (by (2)) i^{YuX)nX C i_i{Y U X) n (X U [/) C (by inPR)) fi{X \JU) = (by (1)) /x(f/). 
(5.2) 

Using (1.1), it suffices to show {^iCumO) {piCUM). Let ^i{X) C J7 C X. By (^CumO) X n /i(C/) C /z(X), so 
by m(C^) C C X ^ n{U) C /z(X). t/ C X ^ iu(X) n [/ C /x(J7), but also Ai(X) C U, so ai(^) C h{U). 

(4.1) 

Trivial. 

(6.1) 

Follows from (4.1) and (5.2). 
(6.2) 

Let the prerequisites of (iiCumta) hold. 

We first show by induction /x(Xa UU) C n{U). 

Proof: 

a = 0: fi{Xo) CU ^ ii{Xo U i7) = ii{U) by (5.1.1). Let for all /3 < a niXp UU) C p,{U) C U. By prerequisite, 
/i(X„) C [/ U U{^/3 : /3 < a}, thus At(X„ U [/) C /i(X„) U /i(C/) C U X^ : /3 < a}, 

so V/3 < a /[^(Xa U C7) n ([/ U X^) C p,{U) by (5.1.3), thus ^(X„ U C/) C /i([/). 

Consequently, under the above prerequisites, we have /i(Xa U f/) C |u(f/) C J7 C LT u X„, so by {fjbCUM) 
H{U) = ^l{Xa U [/), and, finally, ijl{U) n X„ = /i(Xc U f/) n X„ C /i(X„) by {iiPR). 

Note that finite unions take us over the limit step, essentially, as all steps collapse, and fJb{Xa U U) will always 
be n{U), so there are no real changes. 

(5.3) 

Follows from (6.2) and (4.1). 
(3.1) 

Follows from (5.2) and (5.3). 
(3.2) 

Follows from (6.1) and (6.2). 
(4.2) 

Follows from (2.3) and (2.1). 
(4.3) 

Follows from (5.2) and (6.2). 
(5.4) 

m(X) cu ^ niX) cunx cx ^ fi{x nu) = n{X) ^ x n i^{U) = {xnu)n ii{U) c /^(x f\U) = ii{X) 
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(3.3) 

See Example [lU (page [TSOl) . 
(6.3) 

This is a consequence of (3.3). 
(7) 

Trivial. Let X CY,so by (fi C) ^{X) C X C y, so by (fiCumO) X n fi{Y) C ^(X). 
□ 

karl-searcli= End Fact Cum- Alpha Proof 

17.2.9 Fact Cum-Alpha-HU 

karl-search= Start Fact Cum-Alpha-HU 

Fact 17.5 

(+++ Orig. No.: Fact Cum-Alpha-HU +++) 

LABEL: Fact Cum-Alpha-HU 

Assume (^ C). 

We have for (fiCumoo) and {HU,u): 

(1) X e fi(Y), fi(Y) C H{U,x) -^Y C H{U,x) 

(2) {^lCumoo) {HU,u) 

(3) iHU,u) {^Cumoo) 
karl-search= End Fact Cum-Alpha-HU 

17.2.10 Fact Cum-Alpha-HU Proof 

karl-search= Start Fact Cum-Alpha-HU Proof 

Fact 17.6 

(-I-++ Orig. No.: Fact Cum-Alpha-HU Proof -|-|— 1-) 

LABEL: Fact Cum-Alpha-HU Proof 
(1) 

Trivial by definition of H{U,x). 
(2) 

Let x € l^{U), X gY, /i(y) C H{U, x) (and thus Y C H{U, x) by definition). Thus, we have a sequence Xq := U, 
m(^/3) C i7 U lj{^7 ■ 1 < 0} ^nd Y = Xa for some a (after Xq, enumerate arbitrarily H{U, x)i, then H{U, x)2, 
etc., do nothing at limits). So a; G n{''^7 : 7 < a} n ^i{U), and x G /i(A'c) — /i(F) by (/iCumoo). Remark: 
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The same argument shows that we can replace " a; G X " equivalently by " x G ^J■{X) " in the definition of 
H{U,x)a+i, as was done in Definition 3.7.5 in [Sch04j . 

(3) 

Suppose {fiCuma) fails, we show that then so does (HUx). As {^Cuma) fails, for all /3 < a iJ^iXp) C U i\j{X^ : 
7 < /?}, but there is a; £ Cli^f : 7 < a} n n{U), x ^ niX^). Thus for all /3 < a m(X^) C Xp C H{U,x), 
moreover x £ fi{U), x G Xa — fi{Xa), but ^{Xa) C H{U, x), so {HUx) fails. 

□ 



karl-search= End Fact Cum-Alpha-HU Proof 



17.2.11 Fact HU 

karl-search= Start Fact HU 

Fact 17.7 

(+++ Orig. No.: Fact HU +++) 

LABEL: Fact HU 

We continue to show results for H{U) and H{U,u). 
Let A, X, U,U',Y and all A, be in y. 

(0) H{U) and H{U,u) 
(0.1) H{U,u) C H{U) 
(0.2) (HU) ^ {HU,u) 

(0.3) (U) + {^lPR) entail H{U) C H{U,u) 
(0.4) (U) + inPR) entail {HU, u) {HU) 

(1) (^ C) and {HU) entail: 

(1.1) {^lPR) 

(1.2) {^CUM) 

(2) (i/t/) + (U) ^ {HU,u) 

(3) (/i ^) and {^iPR) entail: 

(3.1) A = \J{A^ -.lel}^ ti{A) C \JMAr) : * G /}, 

(3.2) U C iJ([/), and U C U' ^ H{U) C i?(J7'), 

(3.3) ^i{U UY)- H{U) C ^{Y) - if ^(L/ U Y) is defined, in particular, if (U) holds. 

(4) (U), (^i C), {fiPR), {fiCUM) entail: 

(4.1) ff(J7) = Hi{U) 

(4.2) [/ C ^, //(A) C H{U) m(A) C U, 

(4.3) m(>") ^ -ff(?/) -^Y C H{U) and /i(C/ U F) n{U), 

(4.4) x G Ai(C/), X eY - n{Y) Y g H{U) (and thus {HU)), 

(4.5) y 2 H{U) n{U yJY)<l H{U). 

(5) (U), {fi C), (iJ[/) entail 
(5.1) H{U) = Hi{U) 
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(5.2) U CA, n{A) C H{U) n{A) C U, 

(5.3) ti{Y) C H{U) -^Y C H{U) and /i([/ U F) = ^(C/), 

(5.4) X e Ai(c/), x e r - ^(r) -^y % h{u), 

(5.5) y 2 H{u) /i(c/ u y) 2 i/(c/). 

karl-search= End Fact HU 



17.2.12 Fact HU Proof 

karl-search= Start Fact HU Proof 

Fact 17.8 

(+++ Orig. No.: Fact HU Proof +++) 

LABEL: Fact HU Proof 

(0.1) and (0.2) trivial by definition. 

(0.3) Proof by induction. Let X ey, fi{X) C H{U)a, then UUX ey, fi{U U X) C(^p^) fi{U) U ^i{X) C(^c) 
H{U)a = H{U,u)a by induction hypothesis, and u & U U X. 

(0.4) Immediate by (0.3). 

(1.1) By {HU), if fi{Y) C H{U), then fi{U) HY C /i(y). But, if y C [/, then fi{Y) C H{U) by (^ C). 

(1.2) Let ^(t/) C X CU. Then by (1.1) ^([/) = /i([/) n X C ^(X). By prerequisite, /i([/) C t/ C iJ(X), so 
^i{X)=^i{X)nUCfi{U) hyifiC). 

(2) By (1.2), (HU) entails (fiCUM), so by (U) and Fact nni fpage fTSS ]) , (5.2) (/xCumoo) holds, so by Fact 
HO (page [mi) , (2) (HUx) holds. 

(3.1) niA) n Aj C ^(A,) C U ^l{A,), so by /x(A) CA^\JA^ ^l{A) C u 

(3.2) trivial. 

(3.3) niU U y) - H{U) C(3.2) ^(C/ U y) - [/ C (by (m C) and (3.1)) ^l{U UY)nY Cj^p^, ^,{Y). 

(4.1) We show that, if X C H2iU), then X C Hi{U), more precisely, if fi{X) C iJi(C/), then already X C i?i([/), 
so the construction stops already at Hi{U). Suppose then ^(X) C [_}{Y : /x(y) C [/}, and let A := X Li U. We 
show that fi{A) C U, so X C A C Hi{U). Let a e /i(A). By (3.1), Ai(^) C ^(X) U At(C/). If a £ ^i{U) C C/, we 
are done. If a G y^{X), there is Y s.t. ^(y) C [/ and a G y, so a G ^{A) n y. By Fact \\TM (page fTM]) , (5.1.3), 
we have for Y s.t. ^(Y) C [/ and U ^ A /i(A) n y C ii{U). Thus a G ^J,{U), and we are done again. 

(4.2) Let [/ C A, ^(A) C i7(t/) = iJi([/) by (4.1). So ^i{A) = [^{^Ji{A) n y : ^i{Y) C [/} C ^(C/) C U, again by 
Fact [1731 (page [TSS]) , (5.1.3). 

(4.3) Let ^i{Y) C i7(t/), then by ^i{U) C iJ(C/) and (3.1) ^i{U U y) C ^([/) U ^i{Y) C iJ(C/), so by (4.2) 
^(t/ U y) C t/ and [/ U y C H{U). Moreover, ^l{U \JY) QU QU \JY -^(^,cum) fJ-iU UY) = fi{U). 

(4.4) If not, y C H{U), so fi{Y) C iJ([/), so fi{U U Y) ^ n{U) by (4.3), but a; G y - ^i{Y) ^(^pt?) x ^ 
/i(J7 U y) = ^.{U), contradiction. 

(4.5) Ai(t/ u y) c i/(j7) ->(4.3) c/ u y c ij(c/). 

(5) Trivial by (1) and (4). 
□ 



karl-search= End Fact HU Proof 
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18 Validity 

++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.13 Introduction Path- Validity 

karl-search= Start Introduction Path- Validity 

18.0.13.1 Introduction to Path- Validity 

(+++*** Orig.: Introduction to Path- Validity ) 

LABEL: Section Introduction to Patli- Validity 

All definitions are relative to a fixed diagram T. 

For simplicity, we consider T to be just a set of points and arrows, thus e.g. a; ^ y £ F and x G F are defined, 
when a; is a point in F, and x ^ y an arrow in F. 

Recall that we have two types of arrows, positive and negative ones. 

We first define generalized and potential paths, and finally validity of paths, written F |= cr, if tr is a path, as 
well as F ^ xy, if F ^ cr and a : x . . . . ^ y. 

karl-search= End Introduction Path- Validity 

++++++++++++++++++++++++++++++++++++++++++++++ 
18.0.14 Definition Gen-Path 

karl-search= Start Definition Gen-Path 

Definition 18.1 

(+++ Orig. No.: Definition Gen-Path +++) 

LABEL: Definition Gen-Path 

(1) Generalized paths: 

A generalized path is an uninterrupted chain of positive or negative arrows pointing in the same direction, 
more precisely: 

(1.1) The empty path is a generalized path. 

(1.2) If X ^ p € T, then x p is a. generalized path, 

(1.3) if X 74 p G F, then x -/^ p is a generalized path. 

(1.4) If .T ■ • • ^ p is a generalized path, and p — > g G F , then x ■ ■ ■ p ^ q is a generalized path, 

(1.5) if a; • • ■ — > p is a generalized path, and p -/-^ q GT , then x ■ ■ ■ p -/^ q is a generalized path. 

(1.6) If the starting point of a generalized path a is x, and y its endpoint, we say that ct is a generalized 
path from x to y, and write a : x ■ ■■ ^ y 
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(2) Concatenation: 

If cr and T are two generalized paths, and the end point of a is the same as the starting point of r, then 
CT o r is the concatenation of cr and r. 

(3) Subpath: 

If cr = T o r' o r" is a generahzed path, r and r" are generalized paths (possibly empty), then r' is a 
subpath of cr. 

(4) [x,y] : 

If X, y are nodes in F, then [x, y] is the set of all subpaths of all generalized paths from x to y. Note that 
C is a well-founded relation on the set of [a;, y\ of F, so we can do induction on [x, y] and C . 

(5) Potential paths (pp.): 

A generalized path, which contains at most one negative arrow, and then at the end, is a potential path. 
If the last link is positive, it is a positive potential path, if not, a negative one. 

karl-search= End Definition Gen-Path 

+ + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + 
18.0.15 Definition Arrow-Origin 

karl-search= Start Definition Arrow-Origin 

Definition 18.2 

(-|--|— I- Orig. No.: Definition Arrow-Origin -|— I— 1-) 

LABEL; Definition Arrow-Origin 

This definition is for IBRS - otherwise it is trivial. 

The definition is by recursion. Intuitively, we go back until we find a node. 

If a : a; — > y is an arrow from node to node or arrow, then or{a) := x. 

If /? : a ^ y is an arrow from arrow to node or arrow, then or{P) := or (a). 

karl-search= End Definition Arrow-Origin 

18.0.16 Definition Path- Validity 

karl-search= Start Definition Patli- Validity 

Definition 18.3 

(+++ Orig. No.: Definition Path- Validity -|— 1-|-) 

LABEL: Definition Path- Validity 

1 fin 



Inductive definition of F |= cr or validity of path. At the same time, we construct dynamically an IBRS - which 
is just a reformulation of the same mechanism. 

Let (7 : X • •• — > 2/ be a potential path, and let validity, as well as the construction of new arrows in the IBRS, be 
determined by induction for all cr' : x' • •• — »■ y' with [x' , y'] C [x,y\. 

(1) Case J, cr : x ^ y (or X 7^ y) is a direct link in F : 

Then F ^ cr, and we add the arrow a : x ^ y, with two labels: v for validity, and +/— if cr : x y or 
cr : X 7^ y - we denote this arrow a^- 

(Recall that we have no hard contradictions in F.) 

(2) Case II, cr is a compound potential path: 

(2.1) Case II. 1, cr is a positive pp. x • •• — > u ^ y : 
Let cr' := X ••• —> W, so cr = cr' o u ^ y. 
Then, intuitively, F |= a iff 

(2.1.1) cr is a candidate by upward chaining, 

(2.1.2) cr is not precluded by more specific contradicting information, 

(2.1.3) all potential contradictions are themselves precluded by information contradicting them. 
Formally, 

F ^ cr and we add an arrow : a^' y with labels v and + 
iff 

(2.1.1) F h cr' and w ^ J/ e F. 

For IBRS, the prerequisite is that there is an arrow a^' s.t. or{a) = x, the destination of a is y, 

the labels of a are v and +. 

(The initial segment must be a path, as we have an upward chaining approach. This is decided 
by the induction hypothesis.) 

(2.1.2) There are no v, r, r' such that v -/^ y € T and T \= t := x ■ ■■ ^ v and T \= t' := v ■ ■■ u - 
there are arrows a,- with or{ar) = x, destination v and a,-' with or(a^') = v, destination u for 
the IBRS (r may be the empty path, i.e. x = v.) 

(cr itself is not precluded by split validity preclusion and a contradictory link. Note that tov -/^ y 
need not be valid, it suffices that it is a better candidate (by r').) 

(2.1.3) all potentially conflicting paths are precluded by information contradicting them: 

For all V and r such that 7^ y S F and T \= t := x ■ ■■ v (i.e. for all potentially conflicting 
paths T ov ^ y) - ar with or (a,-) = x and destination v - there is z such that z ^ y & T and 
either 
z = X 

(the potentially conflicting pp. is itself precluded by a direct link, which is thus valid) 

or 

there are T \= p := x ■ ■■ ^ z and T \= p' := z ■ ■■ ^ v ioy: suitable p and p' - (Xp and a^' with 
suitable origin and destination for IBRS. 

(2.1.1) Case II. 2, the negative case, i.e. u a negative pp. x ■ ■■ ^ u -f^ y^ a' := x ■ ■■ ^ u, a = u' ou -f^ y 
is entirely symmetrical. 

Note that the new arrows a allow us to reconstruct the whole path, if needed. 
karl-search= End Definition Path- Validity 
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18.0.17 Remark Path- Validity 



karl-search= Start Remark Path- Validity 

Remark 18.1 

(+++ Orig. No.: Remark Path- Validity +++) 

LABEL: Remark Path- Validity 

The following remarks all concern preclusion. 

(1) Thus, in the case of preclusion, there is a valid path from x to z, and z is more specific than v, so t ov -/^ y 
is precluded. Again, p o z ^ y need not be a valid path, but it is a better candidate than t o v -/^ y is, and as 
T o w y is in simple contradiction, this suffices. 

(2) Our definition is stricter than many usual ones, in the following sense: We require - according to our general 
picture to treat only direct links as information - that the preclusion "hits" the precluded path at the end, i.e. 
w 7^ y G r, and p' hits r o w ^4 y at u. In other definitions, it is possible that the preclusion hits at some v' , 
which is somewhere on the path r, and not necessarily at its end. For instance, in the Tweety Diagram, 

** Index unter Hauptteil ** 



see Diagram 118.341 (page I199P , if there were a node h' between b and d, we will need path c — > 5 ^ 6' to be 
valid, (obvious) validity of the arrow c ^ b will not suffice. 

(3) If we allow p to be the empty path, then the case z = x is a subcase of the present one. 

(4) Our conceptual analysis has led to a very important simplification of the definition of validity. If we adopt 
on-path preclusion, we have to remember all paths which led to the information source to be considered: In the 
Tweety diagram, we have to remember that there is an arrow a — > 6, it is not sufficient to note that we somehow 
came from a to 5 by a valid path, as the path a— >c— >c?is precluded, but not the path a ^ 5 — *■ c?. 
If we adopt total path preclusion, we have to remember the valid path a — > c — > & to see that it precludes 
a —^ c d. li we allow preclusion to "hit" below the last node, we also have to remember the entire path which 
is precluded. Thus, in all those cases, whole paths (which can be very long) have to be remembered, but NOT 
in our definition. 

We only need to remember (consider the Tweety diagram): 

(a) we want to know if a ^ 6 ^ o? is valid, so we have to remember a, 6, d. Note that the (valid) path from a 
to b can be composed and very long. 

(b) we look at possible preclusions, so we have to remember a ^ c d, again the (valid) path from a to c can 
be very long. 

(c) we have to remember that the path from c to 6 is valid (this was decided by induction before). 

So in all cases (the last one is even simpler), we need only remember the starting node, a (or c), the last node 
of the valid paths, b (or c), and the information b-^dorcy^d - i.e. the size of what has to be recalled is < 3. 
(Of course, there may be many possible preclusions, but in all cases we have to look at a very limited situation, 
and not arbitrarily long paths.) 

□ 



karl-search= End Remark Path- Validity 



1 ftO 



18.0.18 Diagram I-U-reac-x 
18.0.19 Diagram I-U-reac-x 

karl-search= Start Diagram I-U-reac-x 



Diagram 18.1 label-. Diagram I-U-reac-x 




karl-search= End Diagram I-U-reac-x 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.20 Diagram I-U-reac-c 
18.0.21 Diagram I-U-reac-c 

karl-search= Start Diagram I-U-reac-c 

Diagram 18.2 label-. Diagram I-U-reac-c 




X 



karl-search= End Diagram I-U-reac-c 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.22 Diagram U-D-reactive 
18.0.23 Diagram U-D-reactive 

karl-search= Start Diagram U-D-reactive 

Diagram 18.3 label: Diagram U-D -reactive 

The problem of downward chaining - reactive 



y 




z 



karl-search= End Diagram U-D-reactive 



1 ar. 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 



18.0.24 Diagram Dov-Is-2 
18.0.25 Diagram Dov-Is-2 

karl-search= Start Diagram Dov-Is-2 



Diagram 18.4 label-. 



Dov-Is-2 




karl-search= End Diagram Dov-Is-2 



1 fifi 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.26 Diagram Dov-Is-1 
18.0.27 Diagram Dov-Is-1 

karl-search= Start Diagram Dov-Is-1 

Diagram 18.5 label: Diagram Dov-Is-1 

Reactive graph 




karl-search= End Diagram Dov-Is-1 



1 ft'7 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 



18.0.28 Diagram CJ-02 
18.0.29 Diagram CJ-02 

karl-search= Start Diagram CJ-02 



Diagram 18.6 label-. 



CJ-02 




ob{a{m) n M{ip)) 



karl-search= End Diagram CJ-02 



1 fiC 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 



18.0.30 Diagram CJ-Ol 
18.0.31 Diagram CJ-Ol 

karl-search= Start Diagram CJ-Ol 



Diagram 18.7 label-. 



CJ-Ol 




ob{a{m)) 



karl-search= End Diagram CJ-Ol 



1 an 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 



18.0.32 Diagram PunnyRule 
18.0.33 Diagram PunnyRule 

karl-search= Start Diagram FunnyRule 

Diagram 18.8 label: Diagram FunnyRule 



ot 



FunnyRule for () 

karl-search= End Diagram FunnyRule 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 



18.0.34 Diagram External2 
18.0.35 Diagram External2 

karl-search= Start Diagram External2 



Diagram 18.9 label-. 



Extemal2 



External2 for () 



karl-search= End Diagram External2 



a A -./3 



a A -^13' 



1 '71 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.36 Diagram External 
18.0.37 Diagram External 

karl-search= Start Diagram External 



Diagram 18.10 label: Diagram External 



a A -./3 



External for (OR) 



karl-search= End Diagram External 



1 '70 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.38 Diagram Internal 
18.0.39 Diagram Internal 

karl-search= Start Diagram Internal 

Diagram 18.11 label: Diagram Internal 



a A -./3 



a A -./3' 



Internal for {CUM) and {AND) 
karl-search= End Diagram Internal 



1 TQ 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.40 Diagram InherUniv 
18.0.41 Diagram InherUniv 

karl-search= Start Diagram InherUniv 

Diagram 18.12 label: Diagram InherUniv 



V 




X 



karl-search= End Diagram InherUniv 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.42 Diagram Now-1 
18.0.43 Diagram Now-1 

karl-search= Start Diagram Now-1 

Diagram 18.13 label: Diagram Now-1 




Diagram 1 

karl-search= End Diagram Now-1 



1 TK 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.44 Diagram Now-2 
18.0.45 Diagram Now-2 

karl-search= Start Diagram Now-2 

Diagram 18.14 label: Diagram Now-2 




now 

Diagram 2 



karl-search= End Diagram Now-2 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.46 Diagram IBRS 
18.0.47 Diagram IBRS 

karl-search= Start Diagram IBRS 



(P, 9) = (1,1) 



(p, q) = (0, 1) 
6 



(p, q) = (0, 1) 




(P.9) = (l.l) 



(P> 9) = (1,1) 



(p,rj) = (0,0) (p,<j) = (l,0) 

A simple example of an information beciring system. 



Diagram 18.15 

We have here: 



LABEL: Diagram IBRS 



S = {a, b, c, d, e}. 
SR = 5 U {{a, b), (a, c), {d, c), {d, e)} U {((a, b), {d, c)), {d, (a, c))}. 

Q = {p, q} 

The values of h for p and q are as indicated in the figure. For example h{p, {d, {a, c))) = 1. 



karl-search= End Diagram IBRS 



1 T'? 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.48 Diagram Pischinger 
18.0.49 Diagram Pischinger 

karl-search= Start Diagram Pischinger 

Diagram 18.16 label: Diagram Pischinger 

The overall structure is visible from t 

Only the inside of the circle is visible from s 

Half-circles are the sets of minimal elements of layers 




A— ranked structure cind accessibility 



karl-search= End Diagram Pischinger 



1 TQ 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.50 Diagram ReacA 
18.0.51 Diagram ReacA 

karl-search= Start Diagram ReacA 

Diagram 18.17 label: Diagram ReacA 

A 




a 



karl-search= End Diagram ReacA 



1 Tn 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 



18.0.52 Diagram ReacB 
18.0.53 Diagram ReacB 

karl-search= Start Diagram ReacB 



Diagram 18.18 label-. 



ReacB 



abde ^ 

A 



abd 



A 



acd 



A 




karl-search= End Diagram ReacB 



1 cn 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.54 Diagram CumSem 
18.0.55 Diagram CumSem 

karl-search= Start Diagram CumSem 



Diagram 18.19 label: Diagram CumSem 




karl-search= End Diagram CumSem 



1 ai 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 



18.0.56 Diagram Eta-Rho-1 
18.0.57 Diagram Eta-Rho-1 

karl-search= Start Diagram Eta-Rho-1 



Diagram 18.20 label-. 



Eta-Rho-1 




Attacking structure 



karl-search= End Diagram Eta-Rho-1 



1 CO 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.58 Diagram Structure-rho-eta 
18.0.59 Diagram Structure-rho-eta 

karl-search= Start Diagram Structure-rho-eta 

Diagram 18.21 label: Diagram structure-rho-eta 




Attacking structure 



karl-search= End Diagram Structure-rho-eta 



1 QQ 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.60 Diagram Gate-Sem 
18.0.61 Diagram Gate Semantics 

karl-search= Start Diagram Gate Semantics 

Diagram 18.22 label: Diagram Gate-Sem 



Inl 



In2 




> Outl 



> Out2 



Gate Semantics 



karl-search= End Diagram Gate Semantics 



1 QA 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.62 Diagram A-Ranked 
18.0.63 Diagram A-Ranked 

karl-search= Start Diagram A-Ranked 

Diagram 18.23 label: Diagram A-Ranked 




lesser quality 



Each layer behaves inside like any preferential structure. 
Amongst each other, layers behave like ranked structures. 

A— remked structure 



karl-search= End Diagram A-Ranked 



1 Sfi 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.64 Diagram C- Validity 
18.0.65 Diagram C- Validity 

karl-search= Start Diagram C- Validity 

Diagram 18.24 label: Diagram C-Validity 




B 



A' 



II 



A' 



A 



IfrTr. the ''best" element m sees is in B, so C holds in m. 



Tile "hesL" element m' sees is not in B. so C does not hold in m' . 



Validity of C from m and m' 



karl-search= End Diagram C- Validity 



1 ev 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.66 Diagram IBRS-Base 
18.0.67 Diagram IBRS-Base 

karl-search= Start Diagram IBRS-Base 



Diagram 18.25 label: Diagram IBRS-Base 




Attacking an arrow 



karl-search= End Diagram IBRS-Base 



1 QQ 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.68 Diagram Essential-Smooth-Repr 
18.0.69 Diagram Essential Smooth Repr 

karl-search= Start Diagram Essential Smooth Repr 



Diagram 18.26 label: Diagram Essential-Smooth-Repr 

X e n{a) 




Y e 0{a) 



The construction 



karl-search= End Diagram Essential Smooth Repr 



1 on 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.70 Diagram Essential-Smooth-2-1-2 
18.0.71 Diagram Essential Smooth 2-1-2 

karl-search= Start Diagram Essential Smooth 2-1-2 




karl-search= End Diagram Essential Smooth 2-1-2 



1 no 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.72 Diagram Essential-Smooth-3-1-2 
18.0.73 Diagram Essential Smooth 3-1-2 

karl-search= Start Diagram Essential Smooth 3-1-2 

Diagram 18.28 label: Diagram Essential-Smooth-S-1-2 




<u',p' > 



Case 3-1-2 



karl-search= End Diagram Essential Smooth 3-1-2 



1 Cil 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.74 Diagram Essential-Smooth-3-2 
18.0.75 Diagram Essential Smooth 3-2 

karl-search= Start Diagram Essential Smooth 3-2 

Diagram 18.29 label: Diagram EssenUal-Smooth-3-2 




Case 3-2 

karl-search= End Diagram Essential Smooth 3-2 



1 OA 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.76 Diagram Essential-Smooth-2-2 
18.0.77 Diagram Essential Smooth 2-2 

karl-search= Start Diagram Essential Smooth 2-2 



Diagram 18.30 label: Diagram EssenUal-Smooth-2-2 



< z,m > 




X 



Case 2-2 



karl-search= End Diagram Essential Smooth 2-2 



1 Ol^ 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.78 Diagram Condition-rho-eta 
18.0.79 Diagram Condition rho-eta 

karl-search= Start Diagram Condition rho-eta 



For simplicity^ r]{X) = X here 




The complicated case 



karl-search= End Diagram Condition rho-eta 



1 na 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.80 Diagram Struc-old-rho-eta 
18.0.81 Diagram Struc-old-rho-eta 

karl-search= Start Diagram Struc-old-rho-eta 



V(X) 




x' 



The full structure 



karl-search= End Diagram Struc-old-rho-eta 



1 Q7- 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.82 Diagram Smooth- Level- 3 
18.0.83 Diagram Smooth Level-3 

karl-search= Start Diagram Smooth Level-3 



/33 




Solution by smooth level 3 structure 



karl-search= End Diagram Smooth Level-3 



1 no 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.84 Diagram Tweety 
18.0.85 Diagram Tweety 

karl-search= Start Diagram Tweety 

Diagram 18.34 label: Diagram Tweety 

The Tweety diagram 

d 




a 



karl-search= End Diagram Tweety 



1 no 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.86 Diagram Nixon Diamond 
18.0.87 Diagram Nixon Diamond 

karl-search= Start Diagram Nixon Diamond 

Diagram 18.35 label: Diagram Nixon- Diamond 

The Nixon Diamond 

d 




a 



karl-search= End Diagram Nixon Diamond 



onn 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.88 Diagram The complicated case 
18.0.89 Diagram The complicated case 

karl-search= Start Diagram The complicated case 

Diagram 18.36 label: Diagram Complicated-Case 



y 




X 

The complicated case 



karl-search= End Diagram The complicated case 



oni 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.90 Diagram Upward vs. downward chaining 
18.0.91 Diagram Upward vs. downward chaining 

karl-search= Start Diagram Upward vs. downward chaining 

Diagram 18.37 label: Diagram Up- Down- Chaining 

The problem of downward chaining 



y 




z 



karl-search= End Diagram Upward vs. downward chaining 



ono 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.92 Diagram Split vs. total validity preclusion 
18.0.93 Diagram Split vs. total validity preclusion 

karl-search= Start Diagram Split vs. total validity preclusion 

Diagram 18.38 label: Diagram Split- Total- Preclusion 

Split vs. total validity preclusion 



y 




u 



karl-search= End Diagram Split vs. total validity preclusion 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.94 Diagram Information transfer 
18.0.95 Diagram Information transfer 

karl-search= Start Diagram Information transfer 

Diagram 18.39 label: Diagram Information-Transfer 

f 



e d 




a 



Information transfer 



karl-search= End Diagram Information transfer 



on/i 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.96 Diagram Multiple and conflicting information 
18.0.97 Diagram Multiple and conflicting information 

karl-search= Start Diagram Multiple and conflicting information 

Diagram 18.40 label: Diagram Multiple 

Multiple and conflicting information 




karl-search= End Diagram Multiple and conflicting information 



one; 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.98 Diagram Valid paths vs. valid conclusions 
18.0.99 Diagram Valid paths vs. valid conclusions 

karl-search= Start Diagram Valid paths vs. valid conclusions 

Diagram 18.41 label: Diagram Paths-Conclusions 

Valid paths vs. valid conclusions 



Z 




X 



karl-search= End Diagram Valid paths vs. valid conclusions 



onfi 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.100 Diagram WeakTR 
18.0.101 Diagram WeakTR 

karl-search= Start Diagram WeakTR 

Diagram 18.42 label: Diagram WeakTR 




a' 



X 



y 




a 



b 



X 



y 



b' 



Indiscernible by revision 



karl-search= End Diagram WeakTR 



on? 



++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

18.0.102 Diagram CumSmall 
18.0.103 Diagram CumSmall 

karl-search= Start Diagram CumSmall 

Diagram 18.43 label: Diagram CumSmall 




B 



A' 




Cumulativity 



karl-search= End Diagram CumSmall 



ona 
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